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A B S T R A C T

The polarized radiative transfer equation is solved when angle-dependent partial

redistribution and non-coherent electron scattering are included as line-scattering

mechanisms. A static atmosphere with plane parallel symmetry is assumed. Test calculations

are used to illustrate the effects of the electron-scattering coefficient, the thermalization

parameter and the continuous absorption coefficient on the line polarization. Results of

angle-averaged and angle-dependent redistribution functions are compared and it is shown

that angle-dependent functions should be used to model the wing polarization of optically

thin lines. The lower the continuous absorption compared with the electron scattering, the

higher the wing polarization.

Key words: line: formation ± polarization ± radiative transfer ± scattering.

1 I N T R O D U C T I O N

Dirac (1925) derived the angle-dependent redistribution function

for the electron scattering of low-energy photons �hn , mec2�
taking into account the thermal motion of electrons. He arrived at

the conclusion that a shift of the lines cannot be produced by such

a scattering mechanism, but broadening of the lines may be

possible. He showed that the characteristic width of the

redistribution function is 10 AÊ for a line formed around

l � 4000 �A, in an atmosphere of temperature T � 104 K and at

a scattering angle of Q � p=2. The scattering is non-coherent in

the observer's frame when the Doppler effect resulting from

thermal motion is taken into account. The expression (see

equation 16 of this paper) derived by Dirac is especially useful

when we remove the restricted assumption of coherent electron

scattering in the line-transfer calculations. Such computations may

be necessary if the spectrum of the object in question contains

features with a width less than or comparable to the electron

Doppler width, as in the case of strong lines and continuum edges.

In this study we are concerned only with the intensity and

polarization of low-energy photons where Compton scattering

effects are negligible.

Electron scattering is one of the main sources of opacity in

early-type stars and is expected to play an important role in

determining the characteristics of spectral lines from their

atmospheres. Marlborough (1969) suggested that the broad

emission-line wings observed in many Be stars are caused by

the electron scattering of line photons, and Bernat & Lambert

(1978) concluded that very broad Ha emission wings in P Cyg

were caused by electron scattering. Castor, Smith & Van Blerkom

(1970) showed that non-coherent scattering by free electrons in

the WN 6 star HD 192163 can account for the l3483 line of N iv.

The influence of electron scattering in an expanding medium was

investigated by Auer & Van Blerkom (1972). They obtained

asymmetric line profiles extending preferentially in the red wing.

Hillier (1991) made a detailed study of the influence of electron

scattering on line profiles arising from stellar winds in early

emission-line stars. He found that the use of angle-averaged

redistribution functions can noticeably affect the strength of the

predicted electron-scattering wings.

1.1 Investigations of line profiles with electron scattering

MuÈnch (1948) considered the case of a semi-infinite atmosphere

in which an absorption line is formed, covered by a finite layer of

electrons. With these assumptions, he obtained line profiles with

shallower cores and broader wings, because the photons are

scattered from the continuum into the line core. Auer & Mihalas

(1968) gave some solutions to parametrized models in which

scattering and absorption in the line, non-coherent electron

scattering (NES) and absorption in the continuum all occur

simultaneously. They assumed line scattering to be described by

the complete redistribution (CRD) mechanism with a Doppler

absorption profile, and employed only angle-averaged redistribu-

tion functions in their calculations. When the electron-scattering

coefficient exceeded the continuous absorption, they obtained

measurable changes in the line profile as a result of electron

scattering. For strong resonance lines, one has to consider partial

frequency redistribution (PRD) of photons by atoms as well as

the non-coherent scattering by electrons. Rangarajan, Mohan

Rao & Peraiah (1991) studied a few typical samples of PRD

cases in which they employed a Voigt absorption profile.

Rybicki & Hummer (1994) developed a method to evaluate the
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electron-scattering emissivity from a given radiation field and

implemented it in their multilevel radiative transfer code

(MALI). They investigated the effects arising from the scattering

of photons across continuum edges. They showed that in extreme

cases this leads to significant shifts of the ionization equilibrium of

helium.

1.2 Earlier studies of polarization in lines with electron

scattering

Poekert & Marlborough (1978) examined the influence of electron

scattering on the Balmer profiles in Be stars and noted that the

polarization of the line wings is larger than that of the adjacent

continuum. The intrinsic observed polarization of Be stars is

typically about 1 per cent at 4000 AÊ (Poeckert, Bastien &

Landstreet 1979). Jeffery (1991) has shown that in SN1987A

the dominant process determining the polarization structure of the

line profiles was electron scattering. Rapid development in the

CCD technology now makes it possible to obtain high-quality

polarimetric observations across individual lines (Walker et al.

1993). Schulte-Ladbeck et al. (1994) deduced from observations

of AG Carinae (a luminous blue variable) that the coexistence of

the line-wing polarization with extended flux-line wings was a

clear indication that they were formed by electron scattering in a

dense wind. Using monochromatic emission, Wood & Brown

(1994) showed that the scattered polarimetric profile contains

information on the density and velocity structure of the

circumstellar disc. Recently, Hillier (1996) investigated the

polarized line profiles in stars with extended and expanding

envelopes, but with a restriction that the polarization arises

entirely from electron scattering. Even though Nagendra,

Rangarajan & Mohan Rao (1993) considered the scattering of

photons by both atoms and electrons in their parametric study,

they employed only angle-averaged expressions in their

calculations.

Most of the above-mentioned studies are restricted to single-

scattering approximations or the angle-averaged expressions in the

scattering functions. One of the main aims of this study is to

investigate the differences in polarization results when angle-

averaged redistribution functions are used in the calculations

compared with the results obtained using angle-dependent

functions. We employ the angle-dependent functions for the

scattering by atoms (PRD) and non-coherent electron scattering

(NES) and solve the radiative transfer equation in the Stokes

vector formalism for a static medium with plane parallel

symmetry. A parametric study is made so that the underlying

physics can be discerned. In Section 2 the relevant equations are

described. In Section 3 the results of the computations are

presented and discussed. Finally, in Section 4 the conclusions are

given.

2 P O L A R I Z E D L I N E - T R A N S F E R E Q UAT I O N

W I T H E L E C T R O N S C AT T E R I N G

In a non-magnetic plane-parallel atmosphere with azimuthal

symmetry in the radiation field, it is sufficient to consider the

Stokes parameters Il and Ir to represent the polarization state of

the radiation field. The total intensity is defined as I � Il � Ir

and the Stokes Q parameter is defined as Q � Il 2 Ir . As in

Chandrasekhar (1960), Il and Ir denote the intensities of linearly

polarized radiation along two perpendicular directions l and r. The

linear polarization is defined as p � �Q=I�. With the above

definitions, the vector transfer equation for a two-level atom

becomes

m
dI�x;m; z�

dz
� 2x�x;m; z�I�x;m; z� � h�x;m; z�: �1�

Here I � �Il; Ir�T and h is the emission coefficient. The total

absorption coefficient is given by

x�x;m; z� � xl�z�f�x; z� � xc�x;m; z� � xe�x;m; z�: �2�
In equation (2), xc, x l and xe are the coefficients of continuous

absorption, atomic absorption and electron scattering at the line

centre respectively. xe � Nese where se is Thomson scattering

coefficient and Ne the electron number density). n0 is the line

centre frequency. The optical depth scale is defined as

dt�z� � 2xl�z� dz. The symbol m denotes cos(u ) where u is the

angle made by the ray with the normal to the surface. It is

convenient to measure the frequency displacements from the line

centre in units of Doppler width DnD � n0vth=c, where vth is the

thermal velocity:

x � n 2 n0

DnD

; withDnD � n0

c

���������
2kT

m

r
: �3�

The constants c and k are the velocity of light and the Boltzmann

constant. m is the mass of the atom under consideration. We

have used a Voigt function with a depth-independent damping

parameter as the absorption profile throughout this study, and it is

denoted by

f�x� � 1����
p
p H�a; x�; �4�

where the Voigt parameter a represents a constant ratio of the

damping width to the Doppler width. The emission coefficient is

defined analogously as

h�x;m; z� � hl�x;m; z� � hc�x;m; z� � he�x;m; z�; �5�
with the subscripts `l', `c' and `e' indicating line, continuum and

electrons respectively. The total source function Stot�x;m; z� is

given by

Stot�x;m; z� � h�x;m; z�
x�x;m; z�

� Sl�x;m; z�f�x� � Sc�xc=xl� � Se�x;m; z��xe=xl�
f�x� � �xc=xl� � �xe=xl�

:

�6�
Defining the continuum atomic absorption parameter as

bc � �xc=xl�, and the continuum electron scattering parameter

as be � �xe=xl�, we can rewrite equation (6) as

Stot�x;m; z� � f�x�Sl�x;m; z� � bcSc � beSe�x;m; z�
f�x� � bc � be

; �7�

where the continuum source function Sc is defined as

Sc � 1

2
B�z�1 � 1

2
B1; 1 � �11�T : �8�

We have considered only isothermal, static atmospheres in this

study. Consequently b c and be are constant throughout the

atmosphere. However it is straightforward to consider the

dependence of these variables on all the physical and geometric
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parameters. The two-level atom line-source vector is given by

Sl�x;m; z� �
Sl

1�x;m; z�
Sr

1�x;m; z�

 !
� �1 2 e�

f�x�
��1

21
dx 0

�
��1

21

Ra�x;m; x 0;m 0�I�x 0;m 0; z� dm 0 � e

2
B1; �9�

where e is the probability per scatter that a photon is destroyed by

collisional de-excitation. The redistribution matrix Ra�x;m; x 0;m 0�
accounts for the correlations in frequency, angle and polarization

state that exist between the incident photon characterized by (x,m)

and the re-emitted photon characterized by (x 0,m 0) during a

scattering event involving a two-level atom and the incident and

re-emitted photons. This matrix is normally approximated for

scattering on a two-level atom, in the form

Ra�x;m; x 0;m 0� � Pa�m;m 0�Ra�x; x 0�; �10�
whereas in this study we use the full angle-dependent redistribu-

tion matrix defined by

Ra�x;m; x 0;m 0� � 1

2p

�2p

0

Pa�n; n 0�R�x; x 0; g� dD; �11�

with

R�x; x 0; g� � 1

pjsin gj exp 2
x 0 2 x

2 sin g=2

� �2
" #

� H
a

cos�g=2� ;
x� x 0

2 cos�g=2�
� �

; �12�

g being the angle between n and n 0. The above expression is the

well-known type II redistribution function of Hummer (1962),

which refers to the case of a two-level atom, the upper level of

which is naturally broadened, with the lower level having zero

width. Pa(n, n 0) is the angular phase matrix for resonance

scattering (Chandrasekhar 1960) in the base (Il, Ir), which is a

function of m ,m 0 and D � f 0 2 f, the difference of azimuthal

directions of the incident and re-emitted radiation fields. The

relation between g and these quantities is cos g � mm 0 �������������������������������������1 2 m2��1 2 m 02�p
cosD: The angular phase matrix for reso-

nance scattering is defined by

Pa�m;m 0� � 3

2
E1

�l; l�2 �r; l�2
�l; r�2 �r; r�2

 !
� �1 2 E1�

2

1 1

1 1

 !
; �13�

where

�l; l� � �1 2 m 02�1=2�1 2 m2�1=2 � m 0m cosD;

�r; l� � m sinD; �14�

�l; r� � 2m 0 sinD; �r; r� � cosD:

The factor �1 2 E1� measures the amount of atomic depolariza-

tion. E1 depends on the angular momentum quantum numbers jl
and ju of the transition involved (l � lower state and u � upper

state). A maximum polarization occurs for the � jl � 0� ! � ju � 1�
type of transition, when E1 � 1. In this special case, Pa(m ,m 0)
reduces to the classical Rayleigh scattering phase matrix.

Analogously the electron-scattering source function Se�x;m; z� is

given by

Se�x;m; z� �
Sl

e�x;m; z�
Sr

e�x;m; z�

 !

�
��1

21
dx 0
��1

21

Re�x;m; x 0;m 0�I�x 0;m 0; z� dm 0: �15�

The expression for the angular phase matrix of the electron

scattering is obtained from equation (13) by taking E1 � 1. The

angle-dependent redistribution function for electron scattering in

the laboratory frame is given by (Mihalas 1978)

Re�n 0; n 0; n; n� � mc2

4pkT�1 2 cosQ�n2

� �1=2

� exp
2mc2�n 2 n 0�2

4kT�1 2 cosQ�n2

� �
: �16�
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Figure 1. Emergent intensities I�t � 0; x;m1� and polarization Q/I per cent

in the direction m1 � 0:11 for the given model represented by

�T ; e;bc;be�: The abscissa gives the frequency x measured from the line

centre in the units of atomic Doppler width. Curves 1±3 show the results

for angle-averaged non-coherent electron scattering (AA-NES) and curves

4±6 represnt the results for angle-dependent non-coherent electron

scattering (AD-NES). Curves 1 (thin solid line), and 4 (dotted line)

indicate the results for complete redistribution (CRD) of photons by atoms,

curves 2 (thin-dashed line) and 5 (dash followed by triple dots) represent

the angle-averaged partial redistribution by atoms (AA-PRD) and curves 3

(thin dash±dotted line) and 6 (thick solid line) give the results for angle-

dependent partial redistribution (AD-PRD) by atoms. The medium is an

optically thin, isothermal, self-emitting slab with total optical depth at the

line centre T � 101.
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Now v � xDne=�n_2 n0�, where v is the ratio of electron to

atomic Doppler widths and is given by v . 43A1=2, where A is the

atomic weight of the atom under consideration. For helium atoms,

v is nearly equal to 80.

2.1 Computational procedure

Discrete space theory technique (Grant & Hunt 1969) was used to

solve the transfer equation. The computational time of this

technique scales linearly (approximately) with the number of

frequency points. The memory requirements, however, are large

because the reflection and transmission matrices (size of a

matrix � number of frequency points � number of angles �
number of Stokes parameters) have to be stored at each layer of

the atmosphere. The electron scattering makes significant

contributions only in the far wings. Hence, in order to perform

accurate transfer calculations it is necessary to select a very wide

frequency band �xmax , 300±400� and, correspondingly, a large

number of frequency points. In practical terms, it becomes

computationally expensive to deal with this problem. The total

half-bandwidth selected is approximately four electron Doppler

widths for a He atom, which corresponds to 320 atomic Doppler

widths. For frequency integrations, a 29-point frequency quad-

rature is employed between x � 0 and x � 360. For angular

integrations a three-point Gaussian quadrature is employed in the

range m [ �0; 1�: The scattering integral over the atomic redistri-

bution function Ra
II�x;m; x 0;m 0� and the electron redistribution

function Re�x;m; x 0;m 0� are performed by a natural cubic-spline

representation of the radiation field (the algorithm of Adams,

Hummer & Rybicki 1971). In the angle-dependent functions, the

integration over the azimuthal angle is computed with a 10-point

Gaussian quadrature formula on the interval 0 , D , p. The code

was tested for the angle-dependent PRD cases, when electron

scattering was absent �be � 0�, against the results of Faurobert

(1987). The intensity and polarization profiles obtained by us were

found to be in good agreement with the published graphs of

Faurobert.

3 R E S U LT S A N D D I S C U S S I O N

We considered two types of atmospheres. One is an optically thin

medium where the primary sources of radiation are inside the

atmosphere. This is also referred to as the `self-emitting slab'. The

boundary conditions for a finite slab of optical thickness T are

I�x;m; t � T� � I�x;2m; t � 0� � 0; �17�
The other type of atmosphere is an optically thick medium with

T � 107, and the boundary conditions chosen to mimic the typical

stellar atmosphere are

I�x;m; t � T� � B and I�x;2m; t � 0� � 0; �18�

q 1999 RAS, MNRAS 308, 1053±1060

Figure 3. Same as Fig. 1, but for an optically thick medium with T � 107.

The medium is irradiated at one of the boundaries with I�t � T ; x;m� � 1.

In all the subsequent figures the optically thick medium is always

irradiated in the same way.

Figure 2. Same as Fig. 1, but for a medium with optical depth T � 102.
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Calculations have been performed with the depth-independent

values of the probability of collisional destruction e and the

Planck function B. The natural width of the upper level, denoted

by a, is 1023 in units of Doppler width, and B � 1. Most of the

results are compared with a standard model, the parameters of

which are e � 1024; bc � 0 and be � 1025, where angle-

dependent PRD and NES functions are employed. For the sake

of convenience we have shown the logarithm of frequency on the

x-axis. The ordinates refer to log I�x;m � 0:11; t � 0�, and to the

percentage of emergent linear polarization p�x;m � 0:11; t � 0�
in the upper and lower halves of all the figures respectively.

3.1 Comparison between angle-dependent and

angle-averaged electron redistribution

We have illustrated the differences between angle-averaged and

angle-dependent electron-scattering results in Figs 1±3. In study-

ing these figures, one has to bear in mind that there are two

different scattering mechanisms operating on line photons; one is

caused by atoms and the other by electrons. The comparison

between angle-averaged electron redistribution and angle-depen-

dent electron redistribution will be valid only if we keep the

atomic redistribution the same for both cases. In all the figures,

curves 1 and 4 represent CRD cases with angle-averaged and

angle-dependent electron redistributions, respectively. Similarly,

curves 2 and 5 show the angle-averaged PRD cases and curves 3

and 6 the angle-dependent PRD cases. We see from Figs 1 and 2

that for optically thin cases, even though the angle-dependent and

angle-averaged electron-scattering polarization results are in

qualitative agreement, there is a considerable difference between

them quantitatively in the wings (nearly 2 per cent polarization in

the far wings).

Therefore, when modelling the wing polarization in optically

thin lines, one has to use angle-dependent non-coherent electron

scattering. This may be understood as follows. For optically thin

lines, the single-scattering approximation is valid in the wings and

the single scattering is sensitive to angular effects. As one

increases the optical depth, one can expect multiple scattering to

take place, which averages out the angle-dependent effects. This is

what we find when we look at Figs 2 and 3. We see that even the

quantitative differences between the angle-dependent and angle-

averaged NES results have been reduced in Fig. 2 and are almost

absent in Fig. 3. Polarization is a measure of anisotropy.

Anisotropy depends on the angular dependence present in the

scattering. Therefore polarization is more sensitive to angle-

dependent expressions, in comparison with the total specific

intensity. Again, if we have velocities present in the medium, they

will couple with the angular dependence of the scattering

mechanism and produce quite characteristic polarization results.

q 1999 RAS, MNRAS 308, 1053±1060

Figure 5. Same as Fig. 4, but for an optically thick medium with T � 107.Figure 4. The figure shows the effect of varying the electron scattering

contribution to the opacity for optically thin lines. The solid line (curve 1)

represents the results for the case when no electron scattering is present,

be � 0: The dashed line (curve 2) gives the results for a medium with

be � 1027, the dash±dotted line (curve 3) represents the results for

be � 1025, and the dotted line (curve 4) indicates the results for

be � 1023.
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The polarization profiles 1 and 4 for an optically thin medium

�T � 10�, correspond to CRD results, and they show small

polarization in the line core followed by uniformly high

polarization in the wings. Fractional polarization in the optically

thin wings is given by Faurobert (1987):

p�x;m� .
SQ�T=2; x;m�
SI�T=2; x;m� : �19�

From the above expression it can be seen that for CRD, the

polarization stays constant in the optically thin wings at a value

that depends on the anisotropy of the radiation field at the slab

centre. It decreases when the total optical thickness of the medium

increases (compare Fig. 2 with Fig. 1). For frequencies less than

x � 10, the atomic redistribution dominates, and the PRD allows

lesser scatterings and hence higher anisotropy, which leads to a

polarization maximum. Around x � 10, the scattering term

resulting from PRD reduces and the radiation field is dominated

by thermal photons, which are isotropic; hence we obtain a

polarization minimum. Beyond x � 10, we find the NES

dominates, giving rise to a substantial polarization. One important

result that emerges is that whatever the atomic scattering

mechanism, the electron scattering gives substantial polarization

in the wings of optically thick lines (Fig. 3).

3.2 Effects of b e on polarization

The effects of b e variation on polarization for various types of

atmospheres are shown in Figs 4 and 5. In these models, we have

used both angle-dependent PRD and angle-dependent NES as

scattering mechanisms. We find that when the electron-scattering

contribution is increased, the minimum polarization observed

around x � 8 is shifted in frequency towards the centre and its

absolute value also changes. We find from these figures that

higher electron-scattering contribution gives higher polarization in

the wings, irrespective of the optical depth of the medium. The

minimum and maximum values attained in polarization seem to be

a sensitive indicator of be.

3.3 Effect of e variation

The effect of varying e is shown in Figs 6 and 7. For an optically

thin medium (Fig. 6), we find that the parameter e does not have

any effect on polarization. The wing polarization depends on the

anisotropy present in the centre of the medium. Anisotropy

present in the centre of the slab depends only on optical depth and

not on e . To obtain the intensity, one has to integrate the thermal

contributions over the whole medium, which gives a substantial

change in intensity for different e values. For an optically thick

atmosphere, the contribution to the wing photons from scattering

is less in comparison with thermal contributions. Photons from the

q 1999 RAS, MNRAS 308, 1053±1060

Figure 6. The figure shows the effect of varying the thermal contribution

(e ). The solid line (curve 1) represents the results for the case when the

thermalization parameter is e � 1024. The dashed line (curve 2) gives the

results for a medium with e � 1026, and the dash±dotted line (curve 3)

represents the results for e � 1023.

Figure 7. Same as Fig. 6, but for an optically thick medium with T � 107.
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thermal pool are isotropic, and hence the higher thermalization

parameter gives lower polarization (Fig. 7).

3.4 Effect of variation of continuous absorption b c on

polarization

The effect of varying bc on polarization is shown in Figs 8 and 9.

The continuous absorption and emission are the important

physical processes in the optically thin line wings (Fig. 8). The

continuous absorption is assumed to be isotropic. It therefore

produces zero polarization in the wings for an optically thin line.

One interesting result is that the core polarization is sensitive to

the continuous absorption for optically thin lines. The continuous

absorption and electron scattering seem to play opposite roles in

polarizing the radiation for optically thick lines. When be � bc,

the polarization flips in sign in the wing for an optically thick line.

When bc exceeds be (see curve 4 of Fig. 9) it produces zero

polarization in the wing of an optically thick line. Hence we

cannot say that the wing polarization of optically thick lines is a

monotonic function of bc/b e.

4 C O N C L U S I O N S

We find quantitative differences in the wing polarization of

optically thin lines, when we compare the results of angle-

dependent NES with those of angle-averaged NES. The

differences in the results of these functions may be enhanced if

velocities are present in the medium. A systematic study should be

undertaken to ascertain the validity of using angle-averaged NES

expressions for calculating the polarization in the above case.

Polarization is not affected by the thermalization parameter for

optically thin lines, and it is completely controlled by purely be.

When electron scattering is greater than continuous absorption, it

produces wing polarization in optically thick lines, and this fact

may be used as a diagnostic tool.

AC K N OW L E D G M E N T S

I thank Professor George Rybicki for suggesting the problem

and helpful discussions. I am indebted to Dr M. Faurobert-

Scholl for providing a program to compute the angle-dependent

redistribution function Ra�x;m; x 0;m 0� and Mr B. A. Varghese

for his help in creating the figures shown in this paper. The

useful suggestions made by the anonymous referee have

improved the text of the paper considerably, and I thank the

referee for that.

q 1999 RAS, MNRAS 308, 1053±1060

Figure 8. The figure shows the effect of varying the continuous absorption

contribution to the opacity for optically thin lines. The solid line (curve 1)

represents the results for the case when no continuous absorption is present

�bc � 0�. The dashed line (curve 2) gives the results for a medium with

bc � 1027, the dash±dotted line (curve 3) represents the results for

bc � 1025, and the dotted line (curve 4) indicates the results for

bc � 1023.

Figure 9. Same as Fig. 8, but for an optically thick medium with T � 107.
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