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Kinetic theory of Jeans instability of a dusty plasma

B. P. Pandey,1,* G. S. Lakhina,1,† and Vinod Krishan2,‡
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A kinetic theory of the Jeans instability of a dusty plasma has been developed in the present work. The effect
of grain charge fluctuations due to the attachment of electrons and ions to the grain surface has been considered
in the framework of Krook’s collisional model. We demonstrate that the grain charge fluctuations alter the
growth rate of the gravitational collapse of the dusty plasma. The Jeans length has been derived under limiting
cases, and its dependence on the attachment frequency is shown. In the absence of gravity, we see that the
damping rate of the dust acoustic mode is proportional to the electron-dust collision frequency.
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PACS number~s!: 52.35.2g, 51.70.1f
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I. INTRODUCTION

Several observed features of galaxies can be expla
assuming that the galactic dark halo is composed of d
grains of varying sizes@1#. Most of the invisible mass in the
Universe may consist of the dust of ordinary matter. It
believed that most of the large-scale structure formation
the universe takes place due to the gravitational collaps
huge (;102– 106 pc, where 1 pc'331018cm) cloud com-
plexes consisting of dust and gas. The dust and gas part
are generally charged due to prevailing thermal and radia
conditions in such cloud complexes@2,3#. In the interplan-
etary medium, the charged grains are composed of grap
silicate, and metallic compounds. The size distribution
grains has been investigated by comparing the observed
terstellar extinction curve with the theoretical one. The o
served extinction curves imply that the mass, size, and e
tric charge of the grains vary in a wide range. For examp
the mass of a grain may vary typically from 1025 g in the
interplanetary medium@4,5# to 10214g in the interstellar me-
dium @6#. The corresponding size may range from a few
to a few submicrons. The grains may carry 103 ~or more!
down to zero electronic charges. As a result, there exis
parameter regime in which the electrostatic and gravitatio
effects become comparable.

The gravito-electromagnetic coupling of an atom
plasma in local thermal equilibrium was studied in the co
text of star formation by Eddington@7#. It was shown that
self-gravity is unimportant for such a plasma asR
5vJ

2/vpd
2 ;10236, where vJ5(4pGndmd)1/2 is the Jeans

frequency andvpd5(4pndQ2/md)1/2 is the plasma fre-
quency of the grain withG as the gravitational constant an
nd , md , and Q as the number density, the mass, and
charge of a grain, respectively. Therefore, the scales at w
the two forces operate are widely separated. The forma
of large-scale structures has been entirely attributed to
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gravitational condensation of matter, whereas radiation p
cesses are attributed to electromagnetic interactions of
plasma particles. However, for grains of massmd;1025 g,
chargeQ.30 electronic charge,R;O(1), andthus electro-
magnetic~EM! and gravitational force~GF! effects compete.
The broad spectrum of observed masses and charges@8,9#
suggests that the dynamics of a dusty plasma can be stu
in any of the following regimes:~a! EM force@GF, ~b! EM
force;GF, and ~c! EM force!GF. The first case corre
sponds to the plasma processes like radiation, heating,
the second case has been shown to correspond to spoke
mation in Saturn’s rings, and the last case corresponds to
formation of stars and galaxies@10#.

The Jeans collapse of electrically charged grains occ
essentially in the presence of an equilibrium electrosta
field. The resultant electrostatic repulsion among the gra
will counteract the gravitational attraction, slowing or haltin
the collapse altogether.

Recently, the Jeans instability of a dusty plasma has b
studied by several authors@11–18#. Time-dependent nonlin-
ear solutions of a self-gravitating three-component du
plasma showed@13# that even when self-gravity is cancele
by the electric polarization of grains, i.e.,R;1, the system
may become gravitationally unstable due to the propertie
the background plasma in which the grains are embedd
Therefore, merely balancing the gravitational attraction
the grains with their electrostatic repulsion is not sufficie
for determining the fate of the condensation process. Furt
more, a study of the Jeans-Buneman instability@12,18# sug-
gested that streaming plasma ions can act as a precurs
the gravitational condensation of the grains.

In the present work, we investigate the Jeans instability
a dusty plasma in the framework of kinetic theory which h
not been studied so far to the best of our knowledge. A
known, novel collective features of dusty plasma dynam
arise due to the fluctuations in the electric charge of
grains@18–22#. The charge fluctuations may affect the grav
tational condensation of the grains by modifying the pol
ization field set up by the collapsing grains@18#. However,
studies of the collapse of grains with fluctuating charg
have been carried out in the framework of a multicompon
fluid model, where a model source and sink term in the el
7412 © 1999 The American Physical Society
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PRE 60 7413KINETIC THEORY OF JEANS INSTABILITY OF A . . .
tron and ion continuity equation couples with the gra
charge dynamics. The validity of such a model term isa
priori unclear. Also, the grain charge fluctuation is describ
by two frequencies, namely, attachmentb and charge decay
h frequencies. The kinetic formulation of a dusty plasm
describes the charge dynamics, making use of only one
quency or only one time scale.

Therefore, the purpose of the present work is tw
fold: ~a! to formulate a proper self-consistent kinetic theo
of the Jeans instability of a dusty plasma and~b! to check the
validity of hitherto derived results on gravitational collap
using fluid models~@18# and references therein!. The only
recourse to treat grain charge dynamics self-consistently
solve the full set of Boltzmann equations for electrons, io
and grains and Poisson’s equation. That such a task is
yond the analytical means is well known. However, a ‘‘lim
ited’’ self-consistent analytical treatment of the problem c
be given by approximating the electron and ion collisi
operators using Krook’s model. This will allow us to exam
ine the validity of the previous results obtained by using flu
models.

In a plasma consisting of dust grains, electrons, and io
the grain is charged by the plasma currents at the grain
face, owing to the potential differenceFd2F between the
grain surface potentialFd and the local plasma potentialF.
The electronI e and the ionI i currents are@2,3,23#:

I e52pa2eA 8Te

pme
ne expFe~Fd2F!

Te
G , ~1!

I i52pa2eA 8Ti

pmi
niF12

e~Fd2F!

Ti
G . ~2!

The grain acquires a steady-state electric chargeQ0 when

dQ

dt
5I e1I i50. ~3!

The electrostatic potentialFd due to a spherical charge
grain of radiusa is @24#

Fd~r !5
Q0

r H F S 12
b

lD
De~b2r !/lD2S 11

b

lD
De~b2r !/lDG

3F S 12
b

lD
D S 11

a

lD
De~b2a!/lD

2S 11
b

lD
D S 12

a

lD
De2~b2a!/lDG J , ~4!

where grain densitynd is related tob by nd
215(4p/3)b3 and

lD
225Sa(naqa

2/kBTa ), wherea refers to electrons and ion
and kB is the Boltzmann constant. Thus, corresponding
here is an equilibrium electrostatic fieldE defined as
E52“(Fd2F). The thickness of the non-neutral layer
of the order of the Debye lengthlD .

II. BASIC EQUATIONS

In the kinetic description of a three-component du
plasma consisting of electrons, ions, and charged, sphe
d

e-

-

to
,
e-

n

s,
r-

,

al

grains of radiusa, the distribution function of electrons an
ions satisfies a Boltzmann equation which assures the po
bility of a variation of charges of the dust particles. There a
many sources of the grain’s charge fluctuations, e.g., ass
ated with fluctuating electron and ion densities as well as
to electron-electron, electron-ion, and ion-ion collisions. T
Boltzmann equation is

] f a

]t
1v•

] f a

]r
1

F

ma
•

] f a

]v
5S ] f a

]t D U
C

, ~5!

wheref a5 f a(r ,v,t) is the distribution function for electron
and ions in the six-dimensional phase space (r ,v) andma is
the mass of the particle. Using Krook’s model for the col
sion term, Eq.~5! becomes

] f a

]t
1v•

] f a

]r
1

F

ma
•

] f a

]v
52nad~ f a2 f a0!, ~6!

wherenad is the attachment frequency of electrons and io
to the dust grains andf a0 is the Maxwellian distribution to
which the plasma particles relax over the collisional tim
scale @25#. As will be shown later in the text, collisiona
processes such as electron-electron, electron-ion, and ion
can be neglected when compared with charging proce
which are governed by electron-grain and ion-grain collis
processes. The forceF in the above equation is the sum o
the electrostatic and the gravitational forces, i.e.,

Fa

ma
5

ea

ma
E1g, ~7!

where E and g are the electrostatic and the gravitation
fields, respectively.

The dust distribution should be written in the enlarg
seven-dimensional phase space (r ,v,Q) where the grain
chargeQ has been included as a new dynamical variab
Then the dust distribution function satisfies following con
nuity equation in (r ,v,Q) space@26,27#:

] f d

]t
1v•

] f d

]r
1

Fd

md
•

] f d

]v
1

]@ I ~Q! f d#

]Q
50, ~8!

whereFd is given by

Fd

md
5

Q

md
E1g.

In Eq. ~8!, the effect of grain collisions with electrons an
ions (] f d /]t)uC has been ignored. This assumption is jus
fied owing to large mass difference between the grains
the plasma particle~electrons and ions!, e.g., mi /md
;1029– 10219. The currentI (Q) to the dust particle is given
by

I ~Q!5SaE dv easav f a~v!, ~9!

wheresa is the grains cross section@2#:
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sa55 pa2S 12
2eaQ

amava
2 D if

2eaQ

amava
2,1,

0 if
2eaQ

amava
2 >1.

~10!

The number density of the grain is defined as follows:

nd~r !5E dv dQ fd . ~11!

The Poisson equation is written as

“•D524p HSaE dv ea f a1E dv dQQ fdJ , ~12!

where the polarization vectorD5(Saxa1xd)E. The Pois-
son equation for the gravitational field is

“•g524pGmdE dv dQ fd . ~13!

The susceptibilityx and dielectric permitivitye is related by
e5114pSaxa14pxd .

In Eq. ~13!, contributions of electrons and ions have be
neglected asmene!mini!mdnd in most of the astrophysica
plasmas. Equations~6!, ~8!, ~12!, and ~13! define the entire
dynamics of the dusty plasma.

III. EQUILIBRIUM

In the equilibrium, the distribution functions of electron
and ions are functions of the total energy, a constant of m
tion, such that

f a5 f aS 1

2
mava

21eaF~r ! D , ~14!

whereF(r ) is the electrostatic potential in the plasma. A
suming that the grains carry identical chargeQ0 , the equi-
librium distribution function of the dust particles can be wr
ten as

f d05 f 0~vd!d~Q2Q0!, ~15!

wheref 0(vd)5(md/2pkBTd)3/2nd0 exp@2mdvd
2/2kBTd# is the

Maxwellian distribution function. Here, in the zeroth orde
the electric forceQ0E0 has been balanced by the gravit
tional forcemdg. This equilibrium defines a constraint on th
zeroth-order grain density@13#. In order to simplify the ki-
netic treatment, we resort to the approximation that the e
trostatic and gravitational energy everywhere is smaller t
the thermal energy so that a Maxwellian distribution for ele
trons and ions can be assumed. In equilibrium, the net
rent on the grain is zero, i.e.,

I 0~Q0!5
1

nd0
E I 0~Q! f d0dQ dv50, ~16!

where the subscript 0 corresponds to the equilibrium qua
ties. For Maxwellian electrons and ions, Eq.~16! becomes
n

o-

-

c-
n
-
r-

ti-

vpe
2

v te
exp~2z!5

vpi
2

v t i
~t1z!, ~17!

where vpa5A4pnaea
2/ma is the plasma frequency,v ta

5AkBTa /ma is the thermal velocity withTa as the tempera-
ture of theath species,t5Ti /Te , andz5Q0e/(akBTe).

In equilibrium, Eq.~8! becomes

]@ I 0~Q! f d0#

]Q
50, ~18!

which, on making use of Eq.~15!, can be written as

I 0~Q!52Vc~Q2Q0!, ~19!

where

Vc52S ]I ~Q!

]Q D U
Q5Q0

. ~20!

In order to calculate the charge fluctuation frequencyVc , we
shall evaluate the integrals

S ]I i ,e~Q!

]Q D U
Q5Q0

56e
]

]Q E dv s i ,e~Q,v !v f i ,e~v!.

With f i ,e5(mi ,e/2pkBTi ,e)
3/2ni ,e exp@2mi,ev

2/2kBTi ,e#, we
get

S ]I i~Q!

]Q D U
Q5Q0

5
a

A2p

vpi
2

v t i
, ~21!

and

S ]I e~Q!

]Q D U
Q5Q0

5
a

A2p

vpe
2

v te
expS 2

Q0e

aTe
D ~22!

gives

Vc5
a

A2p
Fvpi

2

v t i
1

vpe
2

v te
expS 2

Q0e

aTe
D G . ~23!

As the electrons diffuse to the grain surface faster than
ions, grains acquire negative charge over electron pla
time scalevpe

21 @second term in Eq.~23!#. This induces an
ion response@at anvpi

21 time scale, first term in Eq.~23!# to
prohibit the negative charge buildup. After the initi
buildup, electrons and ions get attached to the grain sur
at such a rate that their total flux is zero, i.e.,I e01I i050.
This situation is very similar to plasma behavior near t
wall of a plasma container. Making use ofI e01I i050, Eq.
~23! can be written as

Vc5
1

A2p

vpi
2 a

v t i
~11t1z!. ~24!

The attachment frequency in Eq.~6! nad5nd^sava&, for the
Maxwellian distribution can be written in the following form
@28#:
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ned54Ap

2
a2v tend0 exp@2z#5VcP

t1z

11t1z
, ~25!

whereP5(and0kBTe)/(ne0e2) is a dimensionless paramet
which determines approximately the ratio of grain cha
density to the electron charge density in equilibrium.

The ion-dust collision frequency is given by

n id5Ame

mi
tnedexp@z#. ~26!

It is clear from the above expression that electron-d
and ion-dust collision time scalesned

21,n id
21 are of the order

of grain charge fluctuation time scaleVc
21 and thus they will

play a vital role in the attenuation or amplification of dus
plasma modes. Let us compare the ion-ion collision f
quencyn i i with Vc . Making use of the following expressio
for n i i @29#,

n i i 5
ln l

3~2p!3/2

vpi

nilDi
3 , ~27!

we get

Vc

n i i
5

3

2 lnl

t~11t1z!

z

Q0

e
, ~28!

where lnl is the Coulomb logarithm and has a typical val
between 10 and 20. Except for the factorQ0 /e ~which varies
from 10 to 100 in the HI region to 104 in the HII region and
may be as large as 106 in the planetary rings!, all other fac-
tors are of the order of unity and hencen i i can be ignored.
Similarly, sincen i i 5(me /mi)

1/2nee, it is clear that fornee
,Vc , the (Q0 /e) ratio should be;102 or large. For such a
dusty plasma, electron-electron collisions are unimport
Sincenei5nee/(2&), electron-ion collisions are as well un
important. And last, asn ie'(mi /me)

1/2n i i , ion-electron col-
lisions can as well be ignored for a dusty plasma
(Q0 /e).102.

It is apparent from Eqs.~25! and~26! that the attachmen
frequency of the electrons and ions is intimately related
the charging frequency of the grain. Therefore, the neglec
the attachment frequency in the ion and electrons equat
@Eq. ~6!# is valid under very restricted conditions. Assumin
11t i1z't1z, we see that forP;O(1), attachment and
charging frequencies are of the same order. Therefore,
neglect of the attachment frequency for a fluctuating gr
charge in Eq.~6! is valid only for a very tenuous dust clou
(P!1). Furthermore, whenP@1, it is the attachment fre
quency which plays the dominant role in comparison w
the charge fluctuation frequency. It is well known@30# thatP
can vary in a wide range~for example, for Saturn’s E, G, an
F rings, the value ofP is 1023, 10, and 1, respectively! and,
thus, the above conclusion needs to be borne in mind be
ignoring the attachment frequency in comparison with
grain charge fluctuation frequency.
e

t

-

t.

r

o
of
ns

he
n

re
e

IV. LINEAR STABILITY ANALYSIS

We perturb the distribution function such that

f a5 f a01 f a1 , f d5 f d01 f d1 , ~29!

where f a1! f a0 , f d1! f d0 . Then we plug Eq.~29! into Eq.
~6! and carry out a normal-mode analysis by choosing
spatial and temporal dependence of the fluctuations in
form exp@2ivt1k•x#. As our system is inhomogeneous,
normal-mode analysis is applicable only forkx@1, i.e., for
short-wavelength fluctuations. Then Eq.~6! can be written as

f a15

S ea

ma
E11g1D k̂•

] f a0

]v

i ~v2k•v1 inad!
, ~30!

wherek̂5k/k. In the above expression it has been assum
that the linearized forceF1 is parallel to the direction of
wave propagationk. The resultant charge density fluctuatio
is

ra15E ea

S ea

ma
E11g1D k̂•

] f a0

]v

i ~v2k•v1 inad!
dv. ~31!

Linearizing Eq.~8! gives

] f d1

]t
1v•

] f d1

]r
1

Fd1

md
•

] f d0

]v
1

]@ I 0~Q! f d11I 1~Q! f d0#

]Q
50.

~32!

Fourier analyzing the above equation in space and time le
to

~v2k•v! f d12 i
]

]Q
@Vc~Q2Q0! f d1#

52 i S Q

md
E11g1D k̂•

] f 0

]v
d~Q2Q0!

2 i
]

]Q
@ I 1~Q! f 0d~Q2Q0!#. ~33!

The currentI 1(Q) is given by

I 1~Q!5SaE dv easa~Q!v f a1 ~34!

and use has been made ofI 0(Q)52Vc(Q2Q0). Defining
rd15*Q dQ dv f d1 , the grain charge density can be writte
as

rd15E S Q0
2

md
E11Q0g1D k̂•

] f 0

]va
dv

i ~v2k•v!

1 i E S E11
md

ea
g1DS f0dv

~v2k•v!
, ~35!

where
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S5E Sa

ea
2vsa~Q!k̂•

] f a0

]v

ima~v2k•v1 iVc!
dv. ~36!

Before calculating dielectric permitivity, we eliminateg1 in
terms ofE1 by making use of Poisson’s equation

¹•g15
vJ

2

nd0
E dv dQ fd1 , ~37!

wherevJ
254pGmdnd0 is the Jeans frequency. Substitutin

for f d1 from Eq. ~33! and integrating Eq.~37! for v!k•v,
one gets

g152
Q0vJ

2

md~v21vJ
2!

E1 . ~38!

Writing the dielectric permittivity as

e~v,k!5114pSaxa~v,k!14pxd~v,k!, ~39!

from Poisson’s equation~12!, one gets

ik@Saxa~v,k!1xd~v,k!#E1524p~Sara11rd1!.
~40!

Substituting forra1 andrd1 from Eqs.~31! and ~35! in Eq.
~39!, we get the dielectric permittivity. Its two componen
are

xa~v,k!5
4pea

2

mak F12
Q0mavJ

2

eamd~v21vJ
2!G E

k̂•
] f a0

]v

v2k•v1 ina

~41!

and

xd~v,k!5
4pQ0

2

mdk F12
vJ

2

~v21vJ
2!G E

k̂•
]F

]v

v2k•v
2

4p

k

3F12
Q0mavJ

2

eamd~v21vJ
2!G E SF

v2k•v1 iVc
.

~42!

For a Maxwellian distribution, whenv@kv td and v!nad
,kv ta , the integration of Eq.~36! gives

S5
a2

A2p i
XH vpe

2

kv te
e2zF12

pned

2&kv te
SAz1

Ap~122z!ez

2

3@12erf~Az!# D G J 1
vpi

2

kv t i
S 12

pn id

4&kv t i
D C. ~43!

Then the integration of Eqs.~41! and~42! combined with the
Eqs. ~25!, ~26!, and ~43! gives the following expression fo
the dielectric permittivity:
e~v,k!511Sa

1

k2la
2 S 11Ap

2

nad

kv ta
D 21

2
vpd

2

v21vJ
2

1
iPVc

k2lD0
2 ~v1 iVc!

F12
Ap

4

ned

kv te

avpe
2

v teVc

3exp~2z!SAz1
Ap~122z!ez

2
@12erf~Az!# D

2
Ap

8

n id

kv t i

avpi

l iVc
G , ~44!

wherela5v ta /vpa is the Debye length of the plasma pa
ticles andld0

2 5kBTe /(4pnd0e2). Finally, we write the dis-
persion relation, given bye(v,k)50, in a more compact
form

v2'
vpd

2 Sak2la
2Ca

11Sak2la
2Ca1

iPVcSala
2CaL

lD0
2 ~v1 iVc!

2vJ
2, ~45!

where

Ca5S 11Ap

2

nad

kv ta
D

and

L5F12
Ap

4

ned

kv te

avpe
2

v teVc
exp~2z!SAz1

Ap~122z!ez

2

3@12erf~Az!# D 2
Ap

8

n id

kv t i

avpi

l iVc
G .

The dispersion relation equation~45! is similar to dispersion
relation equation~21! of Pandey and Lakhina@18# in the
absence of thermal effects, i.e., whenCa'1 andL'1. How-
ever, there is a notable difference with the dispersion eq
tion ~21! of Ref. @18#. The description of the charge dynam
ics of a dusty plasma in a three-fluid model@18# requires the
introduction of two frequencies, namely, attachment a
charge decay frequencyb andh, respectively. Their role in
gravitational dynamics varies; whereas in the present kin
description, only one frequencyVc is sufficient to describe
the effect of grain charge fluctuations on the Jeans colla
As a result, we shall see that charge fluctuations do not af
gravitational collapse in any significant way and the Je
length is not dependent on the grain charge fluctuation,
like in a fluid model@18#.

In the absence of gravity, Eq.~45! reduces to the follow-
ing dispersion relation:

v2'
vpd

2 Sak2la
2Ca

11Sak2la
2Ca1

iPVcSala
2CaL

lD0
2 ~v1 iVc!

. ~46!

This is the familiar dispersion relation of Melandsoet al.
@31# for the dust-acoustic mode. However, as they have
scribed the grain charge fluctuation in terms of two frequ
cies similar tob and h, the damping of the dust-acoust
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FIG. 1. The unstable root (v i /vpd) of Eq. ~45! is plotted againstklD for P51, R50.1, andz52.5 with Ce5Ci , L51, andlD0

5le . Curve 1 corresponds to a pure gravitational mode in the absence of collisions and grain charge fluctuation so thata5ned /vpe50,
b5Vc /vpd50. Curve 2 represents the case with a collision and without grain charge fluctuationa50.1 andb50. Curve 3 corresponds to
the case with grain charge fluctuation and no collision, i.e.,b50 anda50.1. Curve 4 corresponds to the case with a collision and g
charge fluctuation, i.e.,a5b50.1. Curve 5 corresponds to the case whena50.1 andb50.8.
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wave is due to theb @VV0
in the notation of Ref.@31#, Eq.

~20!# and the real part of dust-acoustic dispersion relation
proportional toh @Vd0 in the notation of Melandsoet al., Eq.
~19!#. As the present kinetic treatment requires only one f
quency to describe the grain charge fluctuation, it will
illustrative to derive the approximate form of the realv r and
imaginaryv i parts ofv from Eq. ~46! in the v i!v i limit
whenCa'1 andL'1. This gives

v r'vpdASalDa
2 S 1

11Sak2lDa
2 D 1/2

k, ~47!

v i'2Vc

11
PSalDa

2

~11Sak2lDa
2 !lD0

2 2
vpd

2 Sak2lDa
2

v r
2~11Sak2lDa

2 !

32
vpd

2 Sak2lDa
2

v r
2~11Sak2lDa

2 !

.

~48!

As

vpd
2 Sak2lDa

2

v r
2~11Sak2lDa

2 !
'1,

we see that the dust-acoustic mode is damped as

v i'2Vc

PSalDa
2

~11Sak2lDa
2 !lD0

2 . ~49!

Making use of Eq.~25!, the damping of the dust-acoust
wave can be directly expressed in terms of the electron-
attachment frequency

v i'2
nedSalDa

2

~11Sak2lDa
2 !lD0

2 , ~50!
is

-

st

where 11t1z't1z has been assumed. The damping
the dust-acoustic mode is caused by the delay in the char
of the dust grains. As the electron sticks to the grain surfa
a repulsive electrostatic field builds up, which subsequen
delays the arrival of the electrons. As a result, the du
acoustic mode dampened.

Next, we solve the dispersion relation~45! numerically
and plot the unstable roots~normalized with respect to the
dust plasma frequencyvpd) for R50.1, t51, z52.5, ne0

'ni0 , and P51 @3–5,11,12# ~see Fig. 1!. Here, we have
assumed thatCe5Ci , L51, andlD05le . Curve 1 is the
usual Jeans mode in the absence of charge fluctuati
When Vc /vpd50 and ned /vpe50.1, the Jeans mode ap
proaches zero faster~curve 2! and at somewhat shorterklD .
As the charge fluctuation is switched on, the growth rate
increased towards a largeklD ~curve 3!. Therefore, charge
fluctuations may facilitate the condensation of the grain t
somewhat shorter scale length than would have been
sible otherwise. Clearly, then, the attachment of the plas
particles to the grain surface resets the repulsive electros
field in such a fashion that the collapsing grains are disper
while approaching each other under the influence of th
self-gravitational field. Curves 4 and 5 correspond
ned /vpe50.1 andVc /vpd50.1 and 0.8, respectively.

From the figure, it is clear that the growth rate rema
unaffected by collisional processes and grain charge fluc
tion belowklD,0.05. Note that we have carried out a loc
analysis, i.e.,kx@1. These two conditions put a constrai
on the region of applicability of the result. If the scale size
the systemx is larger than 20lD , the gravitational collapse
rate is unaffected by collisions between the plasma parti
and dust grains. This is a manifestation of the short-ra
nature of collisional processes. Gravitational condensa
operates at a long range, and when the distance betwee
charged grains becomes few Debye lengths, binary collisi
and ensuing sticking or recombination of plasma particles
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the grain surface alters the ratio of electrostatic to grav
tional forceR in favor of the former, causing a decrease
v i /vpd . Therefore, the gravitational collapse rate beyo
20lD is not affected by grain charge fluctuations.

Last, we calculate the Jeans lengthlJ from Eq. ~45! in
various limiting cases. The Jeans length is the critical len
rm
th
ita
th

i.e

r

d.
s

-

h
f
as

e
e
th
e

-

d

th

at which instability vanishes. Before calculating the Jea
length numerically, we give an approximate analytical e
pression for some interesting astrophysical situations. I
known that in the planetary rings of Saturn,P!1 @30#. Then,
using marginal stability condition (v50), we get, from Eq.
~45!,
lJ5
2~le

21l i
2!

2Ap/2Fle
2ned

v te

1
l i

2ned

v t i
G1Ap

2
S le

2ned

v te

1
l i

2ned

v t i
D 2

14
R~le

21l i
2!

12R

. ~51!
at

n,
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he
that
of

ic
re-
ust

lli-
cy
a
ec-
ity
ma

ge
ugh
stic
on

on
of

for
f
tua-

tro-
he
also

may
e-

ical
We see from the above expression that the plasma the
pressure force along with the collisional force affects
gravitational collapse of a dusty plasma. When the grav
tional attraction between the grains is much smaller than
corresponding electrostatic repulsion (R→0), lJ→`, i.e.,
there is no collapse. When two forces are comparable,
R→1, we have

lJ5leA~12R!

2R
. ~52!

As the gravitational attraction overcomes the electrostatic
pulsion, the Jeans length shrinks and ultimately becom
zero. This is because we have treated the grains as col
reality, kinetic effects would prevent the grain from collap
ing to a zero Jeans length.

Next, we derive the Jeans length forP>1 when Ce
'ned /(klDevpe), Ci'Ce ~this will cause a slight overesti
mation of the length, but allow for simplification!, le5l i

5lD , and approximatingSak2lDa
2 Ca'2k2lD

2 Ce . Then,
for R51, we have,

S lJ

lD
D'S lD0

lD
D 2 vpe

Pned
F211S 11

vpelD0
2 L1

PnedlD
D 1/2G21

,

~53!

where

L15
ned

2Vc

avpe

v te
exp~2z!SAz1

Ap~122z!ez

2

3@12erf~Az!# D 1
n id

4Vc

avpi

v t i
.

The above expression suggests that the Jeans lengt
creases with the increase ofv te . Also, with the increase o
the grain charge Q the Jeans length increases
exp@eQ/akBT#. When ned→0, lJ→`, implying that there
will be no collapse. AsR51, the collapse is halted by th
self-repulsion of the grain, and unless there is a chang
this ratio, condensation of the grain will not take place. In
other limit ned→`, lJ→0, a large recombination rate at th
grain surface neutralizes the electrostatic field, settinglJ
50, and collapse takes place without any critical length.
al
e
-
e

.,

e-
es
In

-

in-

in
e

We note, however, that the above limiting cases are
best indicative of a trend as, in a strict sense, the limitsned
→0 andned→` are not valid since the dispersion relatio
Eq. ~45!, has been derived in thev@kv td and v!ned
!kv td limits.

V. CONCLUSIONS

We have studied the Jeans instability of a dusty plasm
the present work using a kinetic formulation which allow
for the self-consistent treatment of charge dynamics. T
self-consistent treatment of charge dynamics guarantees
the charge conservation law is not violated. The findings
the present investigation are the following.

~i! When the grain is carrying 100 or more electron
charges, the two most important collisional processes
sponsible for the grain charge fluctuation are electron-d
and ion-dust collisions.

~ii ! The relation between electron-dust and ion-dust co
sion frequencies with grain charge fluctuation frequen
@Eqs. ~25! and ~26!# suggest that a fluid description of
dusty plasma with grain charge dynamics without the el
tron and ion loss terms in the electron and ion continu
equations, respectively, is valid only for very tenuous plas
clouds (P!1).

~iii ! In the absence of gravity, the effect of dust char
fluctuation on the dust-acoustic mode is manifested thro
electron-dust collisions. The damping of the dust-acou
mode is directly proportional to the electron-dust collisi
frequency.

~iv! In the presence of gravity, the charge fluctuation
the dust grain leads to a reduction in the growth rate
gravitational collapse. Also, the growth rate is unaffected
distances larger than 20lD owing to the short-range nature o
the collisional processes responsible for the charge fluc
tion.

~v! In addition to the usual thermal pressure and elec
static repulsion, in a self-gravitating dusty plasma, in t
presence of grain charge fluctuations; the Jeans length is
dependent on collisional processes@see Eq.~51!#. The de-
pendence of the Jeans length on collision frequencies
allow the gravitational attraction to operate beyond the D
bye length.

These results may help us to understand the real phys
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system better. Implications of this result for spoke format
in Saturn’s ring or on the thickness of the Jovian ring a
interesting. For example, as the charge fluctuation mod
the Jeans mode, the lifetime of grain levitation over the r
plane may increase before grains succumb to the plan
gravity.

Observations of molecular clouds~Shu et al. @32#! sug-
gest that their dense core has embedded infrared sou
implying that such clouds are the main sites of star format
in galaxies. However, the Jeans massMJ5(2plJ)

3r0 asso-
ciated with the average condition of cloud clumps of dens
r0 is much smaller than the mass of the clump,M. Then all
such clumps should be unstable to the Jeans instability
this were the case, all such molecular clouds would be
lapsing on a gravitational time scalevJ

21; otherwise, the rate
of star formation in the galaxy would far exceed the obser
rate. The presence of a repulsive electrostatic field in su
m

-
A.

m

d
c

C
,

s
ico
M.

s.

E

n
e
s

g
t’s

es,
n

y

If
l-

d
a

dusty ~plasma! cloud clump will oppose the gravitationa
collapse. As a result, the star formation rate will be affect
It is quite possible that such a repulsive electrostatic field
up during the gravitational collapse of the charged grain
opposing the gravitational attraction of the cloud comp
and thus reducing the chance of an excessive rate of
formation.

Our results are important for understanding the dynam
of self-gravitating plasmas and, thus, to the formation
stars, clusters, etc. Specific applications will be studied
future work.
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