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The phenomenon of gyroscopic precession is studied within the framework of the Frenet-Serret

formalism adapted to quasi-Killing trajectories.

Its relation to the congruence vorticity is high-

lighted with particular reference to the irrotational congruence admitted by the stationary, ax-
isymmetric spacetime. General precession formulas are obtained for circular orbits with arbitrary
constant angular speeds. By successive reduction, different types of precessions are derived for the
Kerr-Schwarzschild-Minkowski spacetime family. The phenomenon is studied in the case of other
interesting spacetimes, such as the de Sitter and Go6del universes as well as the general stationary,

cylindrical, vacuum spacetimes.
PACS number(s): 04.20.Me

I. INTRODUCTION

The phenomenon of rotation exhibits interesting and
often intriguing physical effects. This is even more so
within the framework of the general theory of relativity
which leads to novel features. These features, for in-
stance, are built into the structure of spacetime, such as
that of a rotating black hole. Dragging of inertial frames
is a typical example of rotational effects incorporated into
the spacetime structure. Such effects also manifest them-
selves in the intrinsic aspects of particle motion and re-
lated phenomena such as the gyroscope precession. These
aspects can be elegantly studied by the invariant geomet-
rical description of particle trajectories that follow the di-
rections of spacetime symmetries, or Killing vector fields,
provided of course that the spacetime admits such sym-
metries. This is accomplished by adopting the Frenet-
Serret formalism to characterize the Killing trajectories
of a four-dimensional spacetime. Of the three geomet-
ric parameters basic to this formalism, the curvature is
identified with the particle acceleration, while the two
torsions are directly related to the gyroscope precession.
Furthermore, the Frenet-Serret tetrad provides a conve-
nient reference frame for the description of all relevant
physical phenomena. Therefore, when the formalism is
applied to the timelike integral curves of spacetime sym-
metries, the phenomenon of gyroscope precession can be
completely analyzed in a natural and cogent manner.

The Frenet-Serret formalism applied to the Killing tra-
jectories can be extended in a straightforward manner to
what we may term as a quasi-Killing congruence. This
congruence consists of timelike curves following the di-
rection given by a combination of Killing vectors with
nonconstant coefficients. An important example is the
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irrotational congruence admitted by the Kerr spacetime.
With the help of this extended formalism, a broad based
framework is provided for the study of gyroscope preces-
sion in a variety of circumstances.

The present paper is organized as follows. In Sec. II,
we discuss the application of the Frenet-Serret formalism
to the quasi-Killing trajectories, precession of gyroscopes
transported along them and its relation to the vortic-
ity of the congruence. Section III considers the station-
ary, axially symmetric spacetimes and concentrates on
the globally timelike Killing trajectories followed by sta-
tionary observers. Specializing to the Kerr spacetime,
the gyroscopic precession with respect to the station-
ary observer—a direct manifestation of inertial frame
dragging—is displayed. By using rotating coordinates,
gyroscopic precession along circular orbits with arbitrary
constant angular speeds is investigated in Sec. IV. The
general formulas derived are first applied to the Kerr
spacetime to obtain particle acceleration and gyroscopic
precession without approximation. Then by successive
specialization, we obtain the Schiff precession, preces-
sion in the Schwarzschild spacetime with Fokker—de Sit-
ter precession as a particular example, and Thomas pre-
cession in Minkowski spacetime. The irrotational congru-
ence is discussed and the Frenet-Serret parameters are
derived for the corresponding trajectories. The general
formalism is also applied to de Sitter spacetime. Section
V treats in detail the general case of stationary cylin-
drically symmetric spacetimes where the general quasi-
Killing trajectories are helical orbits. Included in this
study as special cases are the Godel universe and the
general vacuum metrics as given by Vishveshwara and
Winicour. Section VI comprises a summary and con-
cluding remarks.

Starting from Thomas precession, gyroscopic preces-
sion has been studied extensively by different approaches
both in special and general relativity [1-6]. We have pre-
sented here a unified, covariant, geometric treatment of
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this remarkable phenomenon. Furthermore, in this treat-
ment computations can be made in a straightforward and
complete manner. We have also highlighted the interrela-
tions among quantities such as vorticity, precession, and
Frenet-Serret torsions. In addition to the general formu-
las, exact expressions have been presented pertaining to
special and physically significant spacetimes. It is hoped
that the discussions and formalism of this paper offer ad-
ditional insight into the phenomenon of gyroscopic pre-
cession and that the formulas derived can be of use for
further elucidation and astrophysical applications.

Our metric signature is (4, —, —, —). Spacetime
indices are denoted by latin letters a, b,...,m,n,...,
and run over 0, 1, 2, 3 while spatial indices are de-
noted by greek letters o,3,...,u,v,..., and run
over 1,2, 3. The corresponding tetrad [triad] in-
dices are indicated by enclosing them in parentheses:

(@)(®) -+~ (m)(n)---[(a)(B) -~ (W)(¥) - --].

II. THE QUASI-KILLING TRAJECTORIES

A. The Frenet-Serret formalism

In [7, 8] it was shown that the Frenet-Serret formal-
ism has some attractive formal properties in the case
of Killing trajectories that find elegant applications in
black hole geometries. We show below how these prop-
erties obtain in a more general case, which we call the
quasi-Killing case. Consider a spacetime with a timelike
Killing vector € and a set of spacelike Killing vectors 74)
(A=1,2,...,m). The combination

X" =&+ W(A)W?A), (1)
where summation over (A4) is implied and
w =0
L w(a) (2)
is called a quasi-Killing vector. The terminology is jus-
tified for our usage since as in the Killing case it follows

that, if u® is the four-velocity associated with x® (where
it is timelike) obtained by normalizing x?,

ey = u = e¥ x°, (3)
then

e = xax®, Yax® =0, (4)
and

éloy = e{oyolo) = Fe(os (5)
where

Fop = €% (aip + w(a) M(a)asb)- (6)

It is easy to show, using the Killing equation and the
relation &,.p;,c = Rabed &9 for any Killing vector &, that

Fap = 0. (7
Recall that the Frenet-Serret equations are [7, 8]

Fab = “Fba )

€0) = Ke(y),

€ty = Ke(o) + T1ely),

€ = —T1e(y + T2efy),
€lz) = —T2 e(2)» (8)

where « is the curvature and 7y, 75 the first and second
torsions, respectively. The Frenet-Serret equations (8)
together with Egs. (5)—(7) imply, as in the Killing case,
that along trajectories of x* the Frenet-Serret invariants
K, T1, and T, are constants and the Frenet-Serret basis
vectors e‘(‘i) satisfy a Lorentz-like equation:

A‘,:'f‘l:’fzzo7 (9)
€ty = Flyefy: (10)

Note that F,p # €¥ Xap- As before [7, 8],

k2 = F% €{o) el(’o), (11)
2 = K2 — Fab e?(;) el(,U)’ (12)
K
(o) Fhely el (13)
2 T2 K212
where
(F")ap = Fy"* F,* - Fo, b (14)
Moreover
a = %FabeGZK,z——’le—Tzz. (15)

Before proceeding further we may mention some ex-
amples of quasi-Killing congruences given by (1). In
the stationary axisymmetric spacetime 7 can be cho-
sen as the axial Killing vector with w an arbitrary
function of r and 6 in adapted coordinates. For in-
stance, w can be chosen to make the congruence ei-
ther geodesic or irrotational. Spatially these will rep-
resent circular orbits. In cylindrically symmetric space-
times in addition to the axial Killing vector we can
add on the Killing vector generating z translations with
coefficients as arbitrary functions of p in adapted coor-
dinates. Spatially these will represent helical orbits. In
spacetimes admitting other spatial Killing vectors such as
de Sitter and Godel Universes more complicated quasi-
Killing congruences can be generated whose spatial pro-
jections would not be simple curves such as circles or
helices. Along any particular trajectory belonging to a
quasi-Killing congruence w is a constant. With refer-
ence to the congruence in which a trajectory is embed-
ded we may call such a curve a quasi-Killing trajectory.
Of course, if w4) are constants then x defines a Killing
trajectory.

B. Frenet-Serret torsions and gyroscopic precession

The transport law for an observer whose tetrad moves
along an arbitrary world line is written as [9]
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D a a
Dr (efy) = —Q b (i) (16)

where Q decomposes into a Fermi-Walker piece and a
spatial rotation
b _ ab b
0% = Qy) + Usp),

Q‘(‘gw) = a®ub — a’u?, (17)

Q?§R) = ucwgecdel,
In the above, w is a vector orthogonal to the four ve-
locity u®. It is possible to choose the time axis of the
tetrad along the four-velocity of the arbitrary world line
consistent with the transport law equations (16) and (17)
and following [9] we restrict ourselves to such tetrads. If
a frame f() is Fermi-Walker transported along the same
world line the spatial triad of e(,) rotates relative to the
spatial triad of f,) with angular velocity w, i.e.,

D
o (ew = f) = @ xeq. (18)

Comparing the Frenet-Serret equations (8) with the
transport equations (16)—(18) it is easy to verify that the
Frenet-Serret frame rotates with respect to the Fermi-
Walker transported frame by

WEFS) = T2€1) T T1€@3). (19)

The Fermi-Walker frame is physically realized by a
system of gyroscopes and hence the gyroscopic preces-
sion relative to the Frenet-Serret frame, one of the most
natural and intrinsic frames associated with an arbitrary
curve, is given by —w Fs):

Q(g) = “W(FS) = —(7'2 e(l) + T1 e(g)). (20)

Further, using the Frenet-Serret equation (8) one can
prove

w((lFS) = Fab 6(0)5, (21)

where Fob = 2—\/1:5 €?*°d F_; is the dual to F.y. We refer
to w(Fg) as Frenet-Serret rotation. It should be noted
that w s is defined along one given curve. It is not tied
to the existence of a congruence. It gives the rotation
of the Frenet-Serret frame relative to the Fermi-Walker
transported frame.

We may mention in passing that from Eqs. (8) and
(10) we have

Kely) = F“be'(’o) (22)

which indicates that in analogy with electromagnetism
F“bel(’o) can be interpreted as the gravielectric field as
seen by the observer with four-velocity e?),. Moreover,
the precession equations (18) and (21) exhibit further
suggestive resemblance to the electromagnetic “spin pre-
cession” equations and indicate that ﬁ’abe(o)b is the cor-
responding gravimagnetic field.

C. Vorticity and gyroscopic precession

Given a trajectory it can be viewed as a member of
a suitable chosen congruence of curves. Associated with

a congruence of curves is defined the notion of vorticity,
which geometrically measures the twisting of the con-
gruence. The gyroscopic precession along a trajectory is
related to the vorticity of the congruence. In this sec-
tion we shall explore this relation in some detail. It was
shown in [7] that the Frenet-Serret rotation for a trajec-
tory belonging to the Killing congruence is equal to the
vorticity of the congruence. Consequently, the gyroscopic
precession for a Killing trajectory is determined by the
vorticity of the Killing congruence.

As we shall show below, in this respect, the quasi-
Killing case differs from the Killing one. The vorticity
of a congruence is defined as

1 c
0 = Ve e e 015 €(0)esd
1 aoc;
T2/ e [Fea + €¥ wia),aniaye (23)
= w?FS) + D@b €(0)bs (24)
where
~ 1
Dab — abed Dc
2v=g° b
A
Dea = €¥ wiaya nﬁ] ), (25)

and antisymmetrization is defined as
Afap] = 3 (Aab — Aba)-

As is well known, physically, vorticity Q° represents the
angular velocity of the connecting vector with respect to
an orthonormal spatial frame Fermi-Walker transported
along the congruence [10,11]. On the other hand, Frenet-
Serret rotation “JFFS) represents precession of the intrin-

sic Frenet-Serret frame with respect to the nonrotating
Fermi-Walker frame. In general, for example, in the
quasi-Killing case, the two are not the same. Therefore
the gyroscopic precession along a quasi-Killing trajectory
differs from the rotation of the connecting vector of the
corresponding quasi-Killing congruence. However, from
Eq. (23) it follows that if w(4) are constants, the con-
gruence x* becomes Killing, Q* = w?FS)’ and the gy-

roscopic precession is locked on to the rotation of the
connecting vector [12].

The above difference between the two cases, namely,
Killing and quasi-Killing, may also be understood by ex-
amining the Lie derivative of the basis vectors along e(q)
in the two cases. In the Killing case

L €a) = Ke€() 5&)) (26)
€(0)

so that modulo e(g) (i.e., if one projects normal to e())
the Frenet-Serret frame is Lie dragged along e(g). In the
quasi-Killing case, on the other hand,

L €(a) = K€ 58!)) + eil’ ( L w(A))
€(0) €(a)

x[(nca) - €(0)) €0) — M(a)] (27)

so that the Frenet-Serret frame is not Lie dragged along
e()- Recall, that by definition the connecting vector is
always Lie dragged, i.e.,
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L c=0. (28)
(o)
In the following sections, we shall discuss particular
examples to illustrate the application of the above con-
siderations.

III. STATIONARY AXIALLY SYMMETRIC
SPACETIMES

In this section we specialize to spacetimes which are
stationary and axially symmetric. Such spacetimes have
in addition to the timelike Killing vector £, a spacelike
Killing vector  with closed orbits. Assuming further
orthogonal transitivity, in coordinates adapted to the
Killing vectors £ and 7, the most general form of the
metric may be written as

ds® = goodt® + 2gosdtde + gazdg® + giidr® + g22d6?,
(29)

where g,3 are functions of r and 6 only.
The contravariant components of the metric may be
read off from

@) -2) -

(903)__+g_og i)z
oty Az \9¢

2 2
‘o (&) +2 () a0
where
As = googss — Ja3 (31)
and
det gap = g = g1192243. (32)

After a long but straightforward calculation using Eqgs.
(11)-(13) and Egs.(29)—(32) it follows that along trajec-
tories of the timelike Killing vector & the Frenet-Serret
invariants are given by

k2= -1 ab(ln 900),a (In goo),»
= [9 930,1 + g% 930,2]7 (33)
4900
-2 = 90 l9°" 900.0 (In 353).01" (34)
4A3 [99® 900,a Go0,6]
1 _ 2
T22 _ [900,1 903;,2 gJoo,2 903,1] ) (35)
4A3011922 [92® 900,a 900,

In this case the Frenet-Serret basis is given by

1

eL(IO) = /900 (1,0,0,0),
ey = — 2% oo (0, 9" 900,15 9% goo,2, 0),

1 .
elyy = ——————(—go3, 0, 0, goo)

2) V3900 vV —A3 ( ’ ’ ’

/011 522
*& (07 —4o00,2, Joo,1, 0) (36)

‘@ T Tk goo

Equations (33)—-(36) completely describe the world line of
a stationary observer and the precession of a gyroscope
carried by him. « and 7; are chosen to be positive and
T2 taken to be the positive square root of the right-hand
side of Eq. (35) so that e(;), e(), e(3), form a right-
handed triad. We shall now apply these formulas to the
special case of the Kerr spacetime.

A. Kerr spacetime

The spacetime describing a rotating black hole is the
Kerr solution and its geometry is given by

2 (1 2Mr) g2 Z g2 w2
ds_-(l 5 ) d? — Fdr? — 5df

4Mrasin? 0d¢dt
p)
2Mra?sin® 0

_ 2 2
<r+a+ 5

) sin® 0d¢?, (37)
where

A=r24+a?2-2Mr ; ¥ = r24a’cos?l.

Substituting the above expressions for g,, in Egs.
(33)—(36) and simplifying we obtain

K? = M (A€* + 4r?a* cos? @ sin?0) - _r
= (1 24)>
(38)
,2 _ M?a?sin’0 A
L Mr\2
> (1-257)
y 1
(A€ + 472a cos? Osin® 0)’
(39)
22 4M2a2r? cos? 0 €? 1
z - 3 (A€? + 4r2at cos? § sin? )’
(40)

where € = 72 — a%cos? 0

1

el = — (1,0,0,0),
1- p3}
oy = ! 0, Ae, —2ra?sc, 0
‘= \/E(A62+4r2a43202)( » A6, —2ra’sc, 0),
a 1
€@ = -
A1 — 2)
2Mras? 2Mr
_amres 1— ,
e (-2
a 1 2
e(s) = (0, 2ra®sc, ¢, 0), (41)

\/%(Aez + 4r2as2c?)

where s = sinf,c = cosf.
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Equations (38)—(41) show that an observer with fixed
spatial coordinates, i.e., a world line following ¢ lines, is
not only accelerated (k # 0) but also has an angular
velocity relative to the local standards of nonrotation re-
alized by a set of gyroscopes. This is a manifestation of
the dragging phenomenon in the Kerr spacetime. For an
observer on the equatorial plane § = 7 /2 it reduces to

Ma oM\ !
=2 (1-=Z= 42
n r3 ( r ) ’ (42)

T3 = 0. (43)

The bases vectors of the Frenet-Serret frame of the sta-
tionary observer (£ lines) are always pointed to the same
fixed stars since they are Lie-dragged along the Killing
trajectory. They may be visualized by a set of telescopes
locked on to the distant stars. They also form the con-
necting vectors of the Killing congruence defining sta-
tionary observers. Thus the stationary observers will see
the gyroscopes precess with respect to the distant stars
with an angular velocity per unit proper time given by
—71. In Sec. IV A 3 we shall discuss the precession of
a gyroscope carried once around a circular orbit as mea-
sured by a stationary observer in his rest frame. To mea-
sure the precession relative to a gyroscope carried by the
stationary observer the precession due to dragging men-
tioned above needs to be taken into account. Of course,
for static spacetimes the Frenet-Serret frame of the static
observer, locked on to the distant stars, does not precess
with respect to the gyroscopes.

It may be worth pointing out that a discussion off the
equatorial plane involves no extra work in this formalism.
Thus, we give general expressions in all cases when one
is off the equatorial plane.

IV. ROTATING COORDINATES AND
GYROSCOPIC PRECESSION ALONG
CIRCULAR ORBITS WITH CONSTANT
ARBITRARY ANGULAR SPEEDS

In Sec. III, we have obtained k, 7, 72 for an observer
whose world line is along the integral curves of the time-
like Killing vector € of a stationary spacetime. Such an
observer is at a fixed value of r,0, and ¢. In this section
we show how the use of “rotating” coordinates allows
one to adapt the expressions of Sec. III to trajectories
belonging to a quasi-Killing congruence that represent
observers moving along circular orbits with constant ar-
bitrary angular speeds. This is in the spirit of the method
used by Rindler and Perlick [3].

Starting from a stationary axially symmetric metric of
the form (29) adapted to the Killing vectors £ and n, we
note that £ + wn, where w is a constant, is also a Killing
vector. A coordinate system adapted to & = & + wnm is
obtained by a coordinate transformation

p=¢ +wt', t="+ (44)
under which the metric becomes
ds® = goror dt’® + 2903 d¢’ dt' + gyiz dgp'
+g11dr? + g2z d6?, (45)

where
goror = goo + 2wgos + wlgsz = A, (46)
Josr = goz + wgsz = B, (47)
g3zt = g33, (48)

¢ = (1,0,0,0) is a Killing vector of this metric and
we can use Egs. (33)—(35) to obtain &, 71, and 7, along
this world line. However, &' corresponds to & + wn in
the unprimed coordinates so that we can compute &, 71,
and 7, along trajectories & + wmn by replacing ggo , o3,
and gs3 in Egs. (38)-(40) by goo’ , gors', and gzr3.. More
importantly the prescription also works in cases where w
is not a constant but only satisfies 4 w = 0. This can

be seen by noting that the expressixons for the Frenet-
Serret invariants in the quasi-Killing case do not involve
derivatives of w. One can also check explicitly that the
same expressions for K, 71,72 obtains whether one starts
from & + wm or if one uses the expressions for & and
replaces gqp by gorp treating w as a constant. Thus along
trajectories of £ + wmn we obtain

(gnA?l) + 922-’4%2))

1
A yY ) (49)
2 B?
T- =
1 4A3(g11A?1) + gzzA%z))
x (911“4(1)5(1) + 97 A:)Be)
B
2
_ 9V A + 9P A, (50)
A bl
L2 _ 97 9%(AnBe) — Az Ba))’ (51)
2T TAAs (gAY + g AT,))
where
A(a) = §00,a + 2wgo3,qa + w2g33,a’ a=1,2, (52)
By = gosp +wgssp b=1,2. (53)

To obtain the Frenet-Serret tetrad associated with x
we recall that with respect to the primed coordinates
x is like €. Thus the Frenet-Serret tetrad in the primed
coordinates are obtained by replacing g,s by gars in Eq.
(36). The components relative to the original unprimed
coordinates are obtained via a vector transformation and
finally we find

a 1

6(0): \/z(la‘-)’oaw)a

a 1

ey = — m(O, gt Apy, g% Az, 0),

1

e = — (B, 0,0, —C),

CRN W )

a /gll g22
€ = “ona (0 —Ae), Aw), 0), (54)

where

C = goo + wgos-
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For later comparison we write down the dual bases
below. They are given by

w® = —\}—Z[Cdt — Bdd¢),
1
o) = EK—A——[A(l)dl' + A(z)dg],

w® = 4/ —j‘B [wdt — de],

1 g22 g11
B = == Agdr — ‘/*.A de|. (55
w 2cA [ g11 (2) g22 o J ( )

We next apply the above formulas to various spe-
cial cases and retrieve well-known gyroscopic precessions.
Many of our formulas are more general in that they are
not confined to the equatorial plane but valid off it. The
formulas are moreover demonstrated in a unified frame-

a particular limit of the congruence obtained by keep-
ing w constant corresponding to the geodetic value. The
Schwarzschild metric corresponds to a = 0 while flat
spacetime corresponds to M = a = 0. In addition
if trajectories are confined to the equatorial plane then
0 = m/2.

A. Kerr black hole

1. The general case

The general procedure outlined above may be applied
to obtain the acceleration and gyroscopic precession in
the case of an observer following a quasi-Killing trajec-
tory in the Kerr spacetime. A straightforward computa-
tion yields

2 K1

= 1 5
work. K YK, (56)
It should be recalled that in the above w can be any 2 A Kz o
arbitrary function of r and 6. This allows one to discuss (T KK 85 (57)
precession along a geodesic (where w is not a constant) by M2K
chosing w such that k = 0. Although the Frenet-Serret Ty = Z5IC4 2, (58)
equations are reduced to only one, 7; and 72 are defined 1
through w, e(;), and e(sy by considering the geodesic as where
J
Me 2 2Mr 2
Ki=A [F(l — aws?)? — rszwz} + c2s? [ 5P {(r* + a®)w — a}? + Aw?| , (59)
2
Ko = [1 — (r? + a®)s%w? — 2]2\47'(1 - awsz)2:| , (60)
2 M
K3 = [{-]Z\%(l — aws®) — rszwz} [rw - 2]\g1‘ (1 - aws®)w — E;:(l —aws?){(r? + a®)w — a}]
2M 2M
+cz{Tm(1 — aws?)? — w}{ 227‘[(7'2 +a®)w —al® + sz}] , (61)
2Mrea 2
Ky= [ S (1 — aws®)? — ew(r? + a?)(1 — aws?) + 2as?wr?{(r? + a?)w — a}] . (62)
The bases are given by Eq. (54) with A, A1), A(2), B, and C given by
A=1-w?s*(r? +a?%) — 2]2\47'(1 — aws?)?,
2M
Ay = 226(1 — aws?)? — 2rw?s?,
2M
Ay ==2es [ 80+ 27107 4 o — a2
2
B= ———_ZMZT:GS (1 — aws?) — (r? 4+ a?)ws?,
2
C=1- MT(I — aws?). (63)

As explained earlier for v = 0, Egs. (56)—(62) reduce to Egs. (38)—(41) for motion along &, the global timelike Killing

vector defining a stationary observer.
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2. The equatorial plane 8 = = /2

" On the equatorial plane the above expressions reduce to

2 riw? 2
,  AM? [(aw - 1)? = 55 ]
RS e T 3 (64)
r ll — (2 + a?)w? — 2M(aw—1)2]
{M_;z - [(_+M e - 2M)]w + Ma(ar? +a%)u? }2
2 T T r T
nTe ’ (65)
P [1 - (r? + a?)w? — 2M(“‘L-?‘1)2]2
=0 66
2

The bases are given by Egs.
c=0.

We note that the gyroscopic precession is about e(s)
which is normal to the orbital plane and the precession
frequency is given by 71 as above.

(54)-(63) with s = 1,

3. Geodesic motion and Schiff precession
Along a geodesic, k = 0, whence

Wl = oty (67)
M
This yields the Keplerian frequency in the Kerr case and
the Frenet-Serret invariant for motion along this geodesic
is
M
i = (68)

r3

In Eq. (67) the + (—) signs correspond to corotating
(counterrotating) orbits. The range of values of r for
which these orbits are timelike have been discussed in
Sec. 2.2 of [3]. Their analysis shows that the range of
r for which counterrotating orbits are timelike requires
that the absolute value of a be less than the modulus of

%. It should be noted that as w approaches the Kep-

lerian value the combination A(;)/x.A is still well defined
leading to e(1) and e(s) independent of w. This allows us
to extract the geodetic case as a special instance of our
more general motion.

The gyroscopic precession frequency, F|ri|, is thus

:FHTM:;'- This precession is about ez which coincides

with the z direction. The orbiting (corotating) observer
measures precession relative to e(;) which coincides with
her radius vector which rotates with angular velocity w
given by Eq. (67). The precession angle per unit proper
time as computed in the rotating coordinates is therefore

M 27
Ag = T3 Voo — (69)

Jw]”

where w is the angular frequency of rotation per unit co-
ordinate time. This agrees with the results of Rindler

[

and Perlick [3]. The base line with respect to which the
precession is calculated in the rotating coordinates by
them coincides with the Frenet-Serret vector €(1) on the
equatorial plane. Consequently, it leads to the same pre-
cession angle A¢'. In order to compute the precession
relative to a stationary geometry (“frame of fixed stars”)
we need to subtract from the precession at the end of
one revolution the amount through which e@1) has ro-
tated with respect to the stationary observer, namely,
27 radians. Following this procedure we arrive at the
gyroscopic precession in the Kerr spacetime:

1
2
86— F2r (ﬂ/%) Y e
T T

In the linear approximation this reduces to the Schiff
precession. This agrees with the standard results quoted
in literature including Ref. [3].

As discussed earlier in Sec. III A one may want to
compute the precession of the orbiting gyroscope with
respect to the fiducial gyroscope of the stationary ob-
server. In one revolution of the orbiting gyroscope the
latter precesses due to dragging by an amount

2r
A‘Js(dra.g) = (-=71) \/ﬁma (71)

where 71 is given by Eq. (42). This leads to [13]

2nMa {73 oM\

(72)

A‘i’(drag) =

B. Schwarzschild black hole

The Schwarzschild metric may be obtained from the
Kerr metric by setting a = 0. Correspondingly the most
general case of gyroscopic precession follows from the
Kerr expression for a = 0.

1. General Schwarzschild case

The a = 0 limit of Eqgs. (56)—(63) yields
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(1 — 2 (%

Mo wzsz)z + w43202]

2 T
=T (1- % — r2w2s2)2 ’ (73)
s _ e (= B0 w21 - ) 2 .
T- =

LY s M 124,252)2((1 — 2M) (M 252)2 4 ag2c2)’ (74)

2M2 2
R : (75)
UL E(F —w2)? + whseer]
The Frenet-Serret frame is given by

a ! (1,0,0,w)
€ = ) 7w b

(0) \/1 _ % _ 12,252 ’

« _ 1 M 2 o) w2cs
€a) = [(1— %)(%_ — w252)2 4 whs2c2]1/2 (0’ <1 - “) (787 —ws )’ r o)

1 2M
e‘(‘2) = (wrzsz,0,0, —(1- —)),
rs\/(l — M1 - M 2p242) "
1— 2M

a __ r 2.2
elz) = 1= Z2) (X —W252)2 1 wic2s2]L2 (0, csTw?, —& — w s, 0) . (76)

2. The equatorial plane

Most commonly, the precession is computed for orbits
in the equatorial plane for which § = ©/2. Equations
(73)-(75) reduce when 6 = % to

(1 - 2)( — o)

2 _
" Ty i
3M\2
2 _ 2 (1 - T)
T =w = % —r2w2)2’ (78)
% =0. (79)

The bases vectors of the Frenet-Serret frame obtain by
inserting s = 1,¢ = 0 in Eq. (76). The w independence
of e;) and e(3) mentioned earlier may be noted more
transparently in this instance.

The gyroscopic precession in this case is

"= w (1 - 3_]\1) (1 - grﬁ - rzwz)_l (80)

r

and

—-1/2
M:_zﬂ{(l-zﬂé)(l_%%_rzwz) }
r r

3. Fokker-de Sitter precession

Along a geodesic k = 0 so that we recover the Keple-
rian frequency

so that the orbital gyroscopic precession frequency is w,
the same as the angular speed w. In one orbital revolu-
tion, the gyroscope rotates by

Ap = —2n [(1 - %)1/2 - 1] : (82).

C. Minkowski spacetime

1. The general case

This corresponds to M = 0 in Egs. (73)—(75) whence

2 4.2
2 T w*s
= (1 — r2w252)2’ (83)
2
2 w
= (1 _ rzwzsz)z’ (84)
3 =0, (85)

while Egs. (76) reduce to

€8 = ———e(1,0,0,w),
© 1 ——r232w2( )

a C

6(1) = (07 —S, ;70> 9
@ 1

ey = ————————
@7 rsy/1 - wirzs?
a S

6(3) = (O,C, —;,0) . (86)

(w,I.ZSZ, 07 0, _l)a
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Note that 72 vanishes identically. Therefore, the preces-
sion is about the normal to the orbital plane as should
be expected from the symmetry of the situation.

2. Thomas precession

The above expressions reduce on the § = w/2 plane
to
2, 4
2o Y 87
" (1 - r2w2)?’ (87)
2
2 w
= (1 —r2w2)?’ (88)
3 =0, (89)

leading to the familiar expression for Thomas precession:
Ap = =27 [(1 —r2w?)~1/2 — 1) (90)

As expected the “Keplerian” analogue is w = 0 in which
case there is no precession at all.

In the above sections we have shown how the general
Frenet-Serret formalism can be adapted to retrieve the
results discussed in, e.g., Ref. [3]. Motions more general
than geodetic or confined to the equatorial plane are easy
to include and formulas corresponding to these cases have
also been exhibited.

D. Globally hypersurface orthogonal stationary
trajectories (GHOST’s)

The Kerr spacetime admits an important congruence
which conforms to our definition of quasi-Killing vec-
tor fields. Observers adapted to this congruence have
been called locally nonrotating observers (LNRO’s) or
zero angular momentum observers (ZAMO’s). Consider-
able insight into the physical significance of phenomena
occurring in the Kerr spacetime is gained by studying
them with reference to the above observers [1]. In the
broader context of orthogonal transitivity, it was shown
[14] that this congruence consists of what we may term
as globally hypersurface orthogonal stationary trajecto-
ries or GHOST’s, with t=const being the hypersurfaces
to which they are orthogonal. Therefore, the vorticity
of the congruence identically vanishes, so that the con-
necting vector between two adjacent trajectories does not
precess with respect to the Fermi-Walker transported gy-
roscopes.

The quasi-Killing vector corresponding to the LNRO,
ZAMO, or GHOST is defined by

x =& + wn, (91)
e &M _ 903 (92)
n-m g3s

We note that x is timelike down to the event horizon on
which it becomes null.
As mentioned earlier, the vorticity of this congruence
is zero, so that
1

a — — abcd
Qrost = 0= 57=:¢

UpUc;d

1 bed 62¢ abed
——— Uy Fog + ———¢€ w
2\/—-g6 vFea + 5= EpNew d
(93)
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= “’?FS) + Qf‘prec). (94)

Consequently, the connecting vector between two neigh-
boring trajectories belonging to this congruence does not
precess relative to the Fermi-Walker transported gyro-
scopes. Further, w(Fs) is the precession of the Frenet-
Serret frame with respect to the gyroscopes. Therefore,
precession of the gyroscopes relative to the Frenet-Serret
frame is given by —WwFs) which is equal to Qprec) only
for the irrotational congruence. The expression for W(FS)
is the same as one would obtain if the particular trajec-
tory is treated as a member of the Killing congruence
obtained by taking w of the trajectory as a constant for
the entire congruence. This also means that the Frenet-
Serret frame is rigidly attached to the connecting vector
associated with this Killing congruence. The expression
Q(prec) is exactly the same as given in [1] which is the
precession of the gyroscope with respect to the locally
orthogonal triad of [1] adapted to the irrotational con-
gruence. To sum up, because of the vanishing vorticity,
the connecting vector between adjacent observers follow-
ing the irrotational congruence is locked on to the inertial
system of gyroscopes and does not precess with respect to
the latter. However, gyroscopes do precess relative to the
Frenet-Serret frame and the latter are not inertial. This
precession frequency in this case is given by two equiv-
alent expressions one of them involving derivatives of w.
As we shall show later, the Frenet-Serret triad coincides
with the triad defined in [1] on the equatorial plane but
differs from it by a constant spatial rotation for 6 # 5

We may note in passing that in the case of a LNRO
Thorne and MacDonald [15] write down the Fermi-
Walker time derivative of any vector orthogonal to u®
as

D, M :a~1[€M+w£M+ 3 (m x Vw) x M],

(95)
where

m=mn and a = /X X. (96)

If M is taken as the Frenet-Serret spatial triad then
LM = £ M = 0 and the formula reduces to the
t

precession "of the triad relative to the gyroscopes with
frequency %(m x Vw) which is an equivalent form of
our expression for the precession frequency.

We now consider the congruence within the frame-
work of our formalism. It should be clear from our dis-
cussion of the quasi-Killing congruence and the section
on the use of rotating coordinates that all our formulas
are applicable when referring to a particular fized curve
of any congruence—in particular the GHOST. Conse-
quently, to calculate the precession of gyroscopes relative
to a GHOST we proceed exactly as in the earlier cases
and use for w the expression appropriate to a GHOST,
i.e., w = —go3/9s3. Since none of our formulas involve
differentiation of w the same expressions Eqs. (49)-(54)
give the formula for precession of a gyroscope relative to
the Frenet-Serret frame of the GHOST. Thus we obtain
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ab A
K2 1 (yaa @ Ei) b
4 (B3)2 ’ (97)
933
o 2
o g G () o)
1B g (50). (52,
2= 93 [(52)a(22),; — (52)2(%2) )2 (99)
ab A A ?
4A3911922 (52),a(52) 0
933 12 g
et = (222 1,0,0 —ﬂ),
© (As) ( ’ g33
ey =~ = ( gt (£> , g7 <£> 0,
\/911(?33 +g22(933)2 933/ 4 933/ o
€y = — (0 0,0 ! )
(2) y Vs Yy \/% )
Vg'ig?? A A
€(s) = (B — o \0~ (b—s) ; (—5) ,0). (100)
\/g (g33 +g (yaa) Y 33/ 2 \933/
r
These observers accelerate (k # 0) and their Frenet- 2ra?(r? + a?)
Serret frames precess with respect to the gyroscopes Ly = > (106)
(11,72 # 0). 2Mra®s?
The above expression can be calculated explicitly for Lz=r%+a?+ T, (107)
the Kerr solution. This gives Ee
Lq4=2r? 2+a%). 108
2 MPIC3 + AL3s%c?) (101) a=2 () g (108)
E3AL ’ Specializing Eqs. (55) to the GHOST it is easy to see
2 _ M2a232[2£1£4 + 2ra2£2Aszc2]2 after a little computation that the Frenet-Serret frame
= S5L2[L2 + L2As%c2] ’ (102) coincides with the LNRO frame in [1] if § = /2. The
3 2 Frenet-Serret frame is in general oriented so that e
2 4M2r2a634c2A[C1 + (7‘2 + a2)£4]2 . . . . et e
Ty = a3 TN , (103) is along the direction of the acceleration which is not
LEL[LT + L3As2c?] along the r direction, if the orbit is not confined to the
w Ls 2Mra equatorial plane.
6(0): A(lOO 253)?
o M E. de Sitter universe
6(1) = m(o, El, LzSC, 0),
8 We next apply the formulas to the case of the de Sitter
e‘(‘z) =—(0,0,0,+/L3s), universe whose metric we take in the form
M £y r2 r? 1
a - _ =1 2 _ (1 _T'Ng2 T 2 _ 2302
€s) = wxec, (0, VAL,sc, \/Z’O> ; (104) ds® = (1— —5)dt* — (1—-—3) dr® — r’df
where —r2sin? 0 d¢?. (109)
2a%s%r2A
4 4
Ly=r*—a®+ 5 ) (105) Along trajectories of £ + wm in this case we obtain
J
o2 0= 2 +w?e)? & wieer] (110)
(1— I3 — r2w?s?)?
L w?)2
7 = ) o) , (1)
(1-% - rzw 82)2[(1 — Z3) (& + w?s?)? + wis2c?]
w2e?
™ = 4 2yl 242)2 4g202]’ (112)
at[(1 — L) (g7 + w?s2)? + wts2c?)
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Ji-5
(s = 75 : (0, w?se, (= + 257y, 0),
2
where

r2

81 = 1-— '&‘E - wzrzsz, (114)
72 1 :

S=(1-— — + w?s? | + wts?c?. (115)
«a «

It is easy to see that there is no analogue of the Keple-
rian orbits. This is related to the fact that the “potential
goo” is proportional to a positive power of r rather than a
negative power as in the Schwarzschild case. An arbitrary
w leads to precession analogous to Thomas precession in
flat space but more complicated due to the curvature of
the spatial sections.

V. STATIONARY CYLINDRICALLY
SYMMETRIC SPACETIMES

In this section we extend the treatment of the previ-
ous section to spacetimes which in addition to the Killing
vector £ and 1 have yet another Killing vector p repre-
senting translation invariance in the z direction. A well-
known example is the Godel solution as well as metrics
representing solutions with cylindrical symmetry. As dis-
cussec in the beginning all our earlier results obtain in
this instance and hence we write down without proof the
main expressions.

We start with the standard form of the line element in
this case as given by

dS2 = ggodt2 + 2_(]03 dtd¢ + 933 d¢2 + 2902 dtdz
+922d2” + g11dp?, (116)
where g, are functions of p only, since we are in coordi-

nates adapted to the Killing vectors &£, n, and p. In this
case we have

g = det(gap) = g11l2s, (117)
where
A2z = googasgaz — 922953 — 93392,- (118)
Further,
922 933 —go3s 922 —Jo2 933 0
g = 1 —goz g2z A go29o3 0
Agz | —9o2 933 Goz2903 Az 0 ’
0 0 0 Aszsz/g11
(119)
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(113)

A3 = googss — 9oz » A2 = goo g2z — gaa- (120)

Proceeding as before we first compute «, 71, and 75 for
an observer whose world line is £&. We obtain

11 42
g
K2 = -9 T001 (121)
4 950
2 —911
T, = m[goo(gozgosJ - 903902,1)2
—922(903900,1 — 900g03,1)*
—933(902900,1 — Joogo2,1)?], (122)
2 _
2 = 0. (123)

For completeness we also compute the Frenet-Serret
bases for these metrics. It is given by

1
et = ——(1,0,0,0),
e((ll) = (07 _9117 01 0)7
«/ —qll
et(lz) = g ((7'2’ 07 b27 C2)7

a 2\/900A237'1

m

efy) = —— as, Oa b39 Cc3), 124
@ 2900V D237y ( ) ( )
where
1
az = —[gzzg03(903900,1 - 900903,1)
goo
+933902(go2900,1 — 900902,1)], (125)

by = 933(900!]02,1 - !]02900,1) + 903(902903,1 - 903902,1)7
(126)
C2 = (g22 (900903,1 - 903900,1) + goz(goagoz,l - .(]02!]03,1),
(127)
a3 = go3go2,1 — 902903,1; (128)
bs = googos,1 — 903900,1, (129)
€3 = g02900,1 — 900902,1- (130)

It should be noted that since 7 = 0, e(s) cannot be
obtained by the usual Frenet-Serret process of differenti-
ation but in this case has been obtained just by orthonor-
mality with the e(;y (¢ = 0,1,2). Adapting the procedure
of Sec. II to the quasi-Killing congruence
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C* = €% + wn® + ou® = e Yel, (131)
where

Lw = Lv =0 (132)
we obtain

€tmy = F% €tm)» (133)
where

Fap = e¥(€ap + Whaip + Viap), (134)
and

Q° = w® + H® ey, (135)
where

w® = F® e,
and

Hy = e¥ [wiang + vjat- (136)

The general quasi-Killing trajectories along ¢ represent
helical orbits. Nevertheless, the computation of «, 71, 7
for (® involves a similar trick as before. Under the coor-
dinate transformation

t=1t, (137)
¢ =¢" + wt, (138)
z =2 + ot (139)

the metric transforms to

goror = goo + 2wgos + w?gss + 2vge2 + vigaz = D,

(140)
Jo'sr = go3 + wgsz = B (141)
gorar = goz + vgaz = &, (142)
g3'3’ = gs33, g2'2' = g22, (143)

where gq/3 are independent of ¢/, ¢’ , and 2’. The Killing
vector { = (1,0,0,0) corresponds in the old coordinates
to & + wn + vu and consequently we can use Egs. (121)—
(123) to evaluate k, 71, T2 by using g, instead of g,p in
the equations. This gives

11 2
gt D
2 _ (1)
K = __Z—Dz_’ (144)
) —glt )
—g22(BD (1) — DB(y))?
—g33(5D(1) - Dg(l))z] s (145)
7-22 =0, (146)
where

D(1) = goo,1 + 2wgos,1 + w?gss,1 + 2vgoz,1 + v?ga2,1,
(147)
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£a) = go2,1 + vg22,15 (148)
" 1
o= 75 (1,0, v, w),
6?1) = (0? V —glla 07 O)a

a \% —g't ' ' T '
O T By, e,

a \4 __gll ' ' ) '
°®) = 3D Agm (a3, 0, b + vay, c3 + way), (149)

where a} and b} (: = 2,3) refer to a; and b; with ge
replaced by the corresponding gqrp.
The geodesics are determined by x = 0, i.e., D(3) = 0

and in this case 72 simplifies to

g11
T = 4A23’D[ (952 — 922 A) B}y + (953 — 933 F)ER,)
—26B By)Ey), (150)
where
F = goo + 2vgoz + v3gas. (151)

A further simplification obtains if the spacetimes under

consideration satisfy
go2,p = g22,0 = 0. (152)

In this case the Keplerian orbits for ¢ are determined by
A1) = 0 as for the x congruence and 72 reduces to

22 _ _9113(21)(932 — 922.A) (153)
re 4A23D
The further restriction go = 0 finally leads to a form
useful for the Godel case:
11132
gtiB? . A
2= @ (154)

4A3(A + ’Uzgzg).

The general expressions above may be simplified in three
particular cases: (i) goz = 0, (ii) go2,p = g22,, = O,
(iii) go2 = 0, g22,, = 0. The Go&del universe belongs to
category (iii) while the cylindrical vacuum metrics of [16]
belong to class (i).

We next apply these general considerations to the
Godel case and finally, to the general cylindrically sym-
metric vacuum metrics.

A. Godel universe
The Godel universe is described by the line element

ds®* = 4R*[ dt* + 2V2 S%d¢dt — (S? — S*) d¢?
—dr? — dz2?], (155)

where S = sinh r,C = cosh r.

1. General spiraling { trajectories

Adapting the formulas of the previous section for ob-
servers moving along ¢ we have
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w2S§%C? [2\/5 - w(l - 252)]2

K? = 1R , (156)
2= @?{gé + v3(63 + G3G1)}, (157)
2 =0, (158)
where

Gi =1+ 2V/2wS? — W28%(1— §%) — »%,  (159)
G2 = w(1—25%) — V2(1 +w?Ss?)

+2{V2 —w(1 - 25%)}, (160)
Gs = wSV1— S2{2V2 — w(1 — 25?)}, (161)
Ga = V2 —w(1-25?%). (162)

2. Geodesics

Along a geodesic kK = 0 yielding for the “Keplerian”
frequency
2v2

= — 163

YT 125 (163)

the same as for the € orbits [3]. However, the gyroscopic

precession frequency contains the signature of the z mo-
tion and is given by

22 1—45%C?
17 2R2[1 - 452C? — v2(1 - 252)?]°

(164)

3. The x motion

The v = 0 limit of the Eqs. (156)—(162) leads us to the
motion along x lines and we obtain

, w2S%C? [ 2v2 — w(1—25%)
K- =
4R? |1+ 2V2wS? — w282(1 — §2

)]2, (165)

22 (V2 — w(1 —28?) + V2w?8%)?
17 4R2[1 + 2/2wS? — w2S2(1 — §2)]2°

(166)

The precession frequency for motion along circular
geodesics takes the simple form

1
2 _
’7'1 = ﬁz— (167)
yielding for the precession
A¢ = —m[(1 —sinh?2r)¥/2 — 2] (168)

in agreement with earlier results [3].
Finally in the case of stationary observers (£ lines)
£=0, i.e., the t lines are geodesics. In this case we obtain

= . (169)
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Thus the Frenet-Serret frame of the stationary observers
precesses relative to the gyroscopes and reveals the rota-
tion intrinsic to the Godel universe. Following the pro-
cedure outlined in Sec. IV A 3 the precession due to
dragging is

Addrag) = (1 — 2sinh’r) (170)

in agreement with [3].

4. GHOST

We conclude by a consideration of precession along
GHOST’s. The angular velocity of these observers cor-
respond to

go3 V2

= 22 - 171
“ g33 1-62 (171)
leading to
SZ
2 _
K = R2C? (1= 57) (172)
and
S4
T oR2(1- 8%)2 (173)

B. Stationary cylindrically symmetric
vacuum spacetimes

The stationary cylindrically symmetric vacuum space-
times have been given in an elegant compact form by
Vishveshwara and Winicour [16] as

ds? = e (dr? + do®) + Aoodt? + 2Xo3dtdd + 33dd?,

(174)
where
Ao = Aa ™ + B, 7% o = 00, 03, 33, (175)
e = cr¥ 1 , T=V2p, 0 =22 (176)

The coefficients A, and [, satisfy the algebraic relations

Ago Azz — A2y = BooBsz — BZ; = 0, (177)

Ao B3z + Asz Boo — 2403 Bos = —3. (178)

The mass per unit length m and angular momentum per
unit length j are given by

+ %b(AggBoo - A00B33)a (179)

=

j = %b(A03B33 - A3SBO3)- (180)

1. The ¢ trajectories

For completeness we write down the Frenet-Serret in-
variants for the line element listed above. They turn out
to be
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2 __ L [Q+br4ve + (1= b7 "By + (b* - 1)v2ert’—272 (181)
© 4erh?Hl AgorT? + By 70 + v2erb? -2 ’
1 [—2W?
2 _ 1 2 2 2
1= Spye [Csz_z +ot(WWs = W3)|, (182)
where
Agror = Ago + 2w Aoz + w? Az, (183)
Boor = Boo + 2wBo3 + w?Bag, (184)
Agz = Aoz +wAos; Boz = Bos + wBos, (185)
W = AololTb + Bo!ng_b + 2’!)267'6272, (186)
W, = b(AofolB()l3l — Aolgnglol) — ’UZCsz_z{(l + b)(2 — b)Aol3l7‘b + (1 — b)(2 + b)B0131T~b}, (187)
Wg = A33’Tb + B337‘_b[(1 -+ b)(2 — b)AolorTb + (1 - b)(2 + b)Bolol’T’gb], (188)
Wi = (1+b)(2—b)Ags7® + (1 —b)(2 + b)Boram % (189)
2. Observers with arbitrary constant angular velocity along x
In this case we obtain
2_ L [(A+bAge7® + (1—b)Byor™" ’ (190)
- 4eTb*+1 AglolTb “+ Bolol"l'_b ’
26> [(AooBos — Aoz Boo)]?
2 0’0’ Do3 0'3' Doro
= — . 191
71 crb?+1 |: AgorT? + B()I()'T_b ( )
Note
b(Ao'or Bors: — Aorar Boror) = b[(AgoBos — Aoz Boo + w(AooBas — A3z Boo) + w?(AosBssz — As3Bo3)]
= 1[2b(AooBos — AosBoo) — w(4m — 1) + 4jw?]. (192)
3. Keplerian geodesics . 1 - b)AsaTb +(1+ b)B33’r—b 2
A T 5 & Baa7—b :
These are determined by x = 0 yielding der Ass7 + Bagr (196)
b —b 1-%4\1
w = [~ +6)Aos7” + (1 —b)Bos7 "] £ (357)2 The precession takes the form
(1 + b)A33’Tb + (1 — b)B337'"b 8 .2
(193) 2 = J (197)

Note that real roots are possible only for b2 < 1 which
is consistent with the fact that the potential go¢ is a func-
tion of negative powers of 7 only for these values. The
precession is obtained to be

2 _ (107

4. GHOST

Finally we look at these special trajectories for the
cylindrically symmetric vacuum metrics. In this instance
_g(E A037'b+Bo3’T_b

w = = —
g33 A3z Tt + BazTb

(195)

and the acceleration becomes

- CTb2+1 (A337'b + B33’T”b)2 )

The gyroscopic precession given by 7; is proportional in
this case to the specific angular momentum j. From our
previous discussion we know that the connecting vector
between two adjacent trajectories of the “irrotational”
congruence does not precess with respect to the Fermi-
Walker transported gyroscope. In general, the Frenet-
Serret triad does precess with respect to the gyroscope
or equivalently in this case with respect to the connecting
vector. However, if 11 = 0 (72 is identically zero) then
the Frenet-Serret triad is also nonprecessing with respect
to the gyroscope or the connecting vector. This happens
when the angular momentum of the source 7 = 0. Thus,
the observer can decide if the source is rotating or not by
checking whether or not his Frenet-Serret triad, which is
Lie transported, precesses with respect to the gyroscope
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or the connecting vector. Gyroscopic precession along
trajectories of the irrotational congruence reveal directly
the rotation of the central source.

5. The stationary observers

For completeness we write down the parameters when
w =0, i.e., the £ lines. We have

21 (1 + b)Agor® + (1 — b)Boor?1? (198)
- 4C‘I"b2+1 A()()Tb + BooT_b ’
262 [ AgoBos — AosBoo ]’
2 00503 03500
S 199
i CTb2+1 |: Aoo’Tb + Boo’T_b ] ( )

Equation (199) describes the rotation of the stationary
gyroscope due to dragging. Once again this illustrates
the very general effect of spacetime rotation on local ex-
periments.

VI. CONCLUSION

As has been mentioned earlier, gyroscopic precession
is a phenomenon that has been extensively studied both
in flat and curved spacetimes by different methods. The
orbits of the gyroscopes in these instances are given by
combinations of Killing directions admitted by the space-
times under consideration. It is found that in these cir-
cumstances, the invariant geometrical description of the

Frenet-Serret formalism provides a covariant and elegant
framework for the study of precession. By extending the
formalism applied to Killing trajectories to quasi-Killing
trajectories, a large number of cases can be studied in
a unified manner. Furthermore, this treatment makes it
possible to relate the precession of a gyroscope to the vor-
ticity of a congruence when the gyroscope is transported
along a given member of that congruence. An impor-
tant example is the irrotational congruence admitted by
stationary, axisymmetric spacetimes like the Kerr. It is
worth pointing out, however, that gyroscopic precession
is directly determined by the Frenet-Serret rotation in
general. Another aspect of our treatment is the unified
description of precession applicable to a whole family of
spacetimes. Specifically, precession for orbits with arbi-
trary constant angular speed has been worked out for
the Kerr metric. Starting from this, particular examples
have been worked out for the entire Kerr-Schwarzschild-
Minkowski spacetimes. Expressions presented are gen-
eral, exact, and not confined to the equatorial plane. In
deriving these results rotating coordinate systems have
been used to generate circular orbits from static trajec-
tories. Also, additional interesting cases such as Gédel,
de Sitter universe, and general vacuum cylindrical space-
times have been investigated. It would be interesting to
explore in detail the implications of the general results
obtained here and their possible astrophysical applica-
tions.
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